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FOREWORD 

Thi s  r e r ,o r t  p r e s e n t s  r e s u l t s  of the expansion and improvemnt of the 
FORMA system f o r  response and load a n a l y s i s .  
f o r  FORT.%N Matrix Analysis .  The s tudy ,  performed from 16 May 1975 
through 1 7  May 1976 was conducted by t he  A n a l y t i c a l  Mechanics Department, 
M a r t i n  M a r i e t t a  Corporat ion,  Denver Div i s ion ,  under the  c o n t r a c t  NAS8- 
31376. 
Space Admin i s t r a t ion ,  George C. Marsha11 Space F l i g h t  Cen te r ,  H u n t s v i l l e ,  
Alabama under the  d i r e c t i o n  of Dr. John R. Admire, S t r u c t u r a l  Dynamics 
Div i s ion ,  Systems Dynamics Laboratory.  

The acronym FORMA s t a n d s  

The program was adminis tered by the  Na t iona l  Aeronaut ics  and 

This report i s  publ ished i n  seven volumes: 

Volume I - Programming Manual, 
Volume I I A  - L i s t i n g s ,  Dense FORMA Subrou t ines ,  
Volume I I B  - L i s t i n g s ,  Sparse FORMA Subrout ines ,  
Volume LIC - L i s t i n g s ,  F i n i t e  Element FORMA Subrou t ines ,  
VoluRe I I I A  - Explanat ions,  Dense FORMA Subrou t ines ,  
Volume I I I B  - Explanat ions,  Sparse FORMA Subrou t ines ,  and 
Volume I I I C  - Explanat ions,  F i n i t e  Element FORMA Subrout ines .  



iii 

CONTENTS 

Foreword . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Contents . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . .  
L i s t  of Symbols . . . . . . . . . . . . . . . . . . . . . . .  
I .  Introduction . . . . . . . . . . . . . . . . . . . . . .  
11. Subroutine Explanations (Subroutine Names i n  

Alphabetical Order, Numbers Coming Before 
Letters) . . . . . . . . . . . . . . . . . . . . . . . .  

- 
ii 

F i i  

i v  

V 

v i  

I- 1 

11- 1 



i v  

ASSTRACT 

This r e p o r t  p re sen t s  techniques f o r  the  s o l u t i o n  of  s t r u c t u r a l  
dynamic systems on a n  e l e c t r o n i c  d i g i t a l  computer u s ing  FORHA (FORTRAN 
- Ha t r i x  Analys is )  . 

FORMA is a l i b r a r y  of subrou t ines  coded i n  FORTRAN IV f o r  the  e f f i -  
c i e n t  s o l u t i o n  of s t r u c t u r a l  dynamics problems. These sub rou t ines  a r e  
i r  the form of bu i ld ing  b locks  t h a t  can  be put  t o g e t h e r  t o  so lve  a l a r g e  
v a r i e t y  of s t r u c t u r a l  dynamics problems. The obvious advantage of t he  
b u i l d i n g  b lock  approach is t h a t  programming and checkout  time a r e  l i m i -  
t e d  t o  t h a t  r equ i r ed  f o r  p u t t i n g  the  blocks t o g e t h e r  i n  t h e  proper  o rde r .  

The FORMA method h a s  advantageous f e a t u r e s  such a s :  

1. subrou t ines  i n  the  l i b r a r y  have been used e x t e n s i v e l y  f o r  many 
y e a r s  and as a r e s u l t  are w e l l  checked o u t  and debugged; 

7 method wi  11 work. on any cmputer vith 3 FORTRM' X V  c o m p i l e & ,  

3 .  

4. 

i nco rpora t ion  of new s u b r o u t i n e s  is no problem; 

b a s i c  FORTRAN s t a t emen t s  may be used to g ive  extreme f l e x i -  
b i l i t y  i n  w r i t i n g  a program. 

Two programming techniques  a r e  used in FORMA: dense and sparse. 



V 

ACKNOWLEDGNENTS 

The e d i t o r  expresses h i s  a p p r e c i a t i o n  to those  i n d i v i d u a l s  whose 
a s s i s t a n c e  was necessary  f o r  the success fu l  complet ion of t h i s  r e p o r t .  
Dr .  John R. Admire  WIS i n s t rumen ta l  i n  the  d e f i n i t i o n  of t he  program 
scope and c o n t r i b u t e d  many va luable  sugges t ions .  Messrs. C a r l  Bodley, 
Wilcomb Benf ie ld ,  Darre11 Devers, Richard Hruda, Roger P h i l i p p u s ,  and 
Herber t  Wilkening, a l l  of t he  Ana ly t i ca l  Mechanics Department, Denver 
Div is ion  of Mart in  Marietta Corporat ion,  have c o n t r i b u t e d  i d e a s ,  a s  
w e l l  as subrou t ines ,  i n  t he  formula t ion  of t he  FORMA l i b r a r y .  

The e d i t o r  also expres ses  h i s  a p p r e c i a t i o n  t o  those  persons who 
developed FORTRAN, p a r t i c u l a r l y  the sub rou t ine  concept  of t h a t  pro- 
g r a m i n g  t o o l .  
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LIST OF SYMBOLS 

[ 3 matrix 

column matrix { I  f vector 

{ >’ row matrix 

T transpose (when symbol is  a superscript) 

m designates the row s i z e  of matrix 
n designates the column s i z e  of matrix 

a designates an element of matrix [ A ]  

i designates the it& row of matrix [ A ]  

j designates the jt& column of matrix [ A ]  

c L* 

ai j 
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I. INTRODUC 'KON 

This volume presents an explanation of the function of each dense 
subroutine i n  the FORMA library. 
cases to clarify the operations performed by a subroutine. 

Example problems are given i n  some 
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11. SUBROUTINE EXPLANATIONS 

The subroutines are given i n  alphabetical Order with numbers 
coming before l e t t e r s .  



AABB 

Subrout ine  AABB c a l c u l a t e s  t h e  summation of two matrices, 
each matrix m u l t i p l i a d  by a scalar. I n  ma t r ix  n o t a t i o n ,  

where 

= u aij + B bij  
z i j  

NR is t h e  number of rows of each ma t r ix ,  and 

NC is t h e  number of columns of each mat r ix .  

The number of rows of [A] and [ B ]  m u s t  b e  equa l ,  and t h e  number 
of columns of [A] and [B] m u s t  b e  eqr;al. 

-- Theorem: Matr ix  summation is commutative. 

That i s ,  [ C ]  + [ D ]  = [ D l  + [ C ] .  

Theorem: Matr ix  summation is a s s o c i a t i v e .  

That  is, [ C l  + ([DI + [El) = ([Cl + [ D l >  + [ E l .  

EXAMPLE 

Consider i npu t  of u = 5 . ,  8 = 2 . ,  

-c 

7 .  

[*]2x3 [ 4. 2. 

5 .  

-8. 

11. 

The r eade r  can e a s i l y  v e r i f y  t h e  ou tpu t  t o  b e  

7 .  2 .  -3. 

'3. 
12. 



Subrout ine ALODl t akes  (on o p t i o n )  d i s t r i b u t e d  and c o n c e n t r a t e .  
la teral  forc:es on a beam and r e p l a c e s  them wi th  r e p r e s e n t a t i v e  
concen t r a t ed  f o r c e s  a t  s e l e c t c d  p o i n t s  on t h e  beam. 

The x - s t a t i o n s  of t h e  s e l e c t e d  p o i n t s  (pane l  p o i n t s )  a r c  given 
i n  (PP}. These x - s t a t i o n s  must be i n  i n c r e a s i n g  o r d e r .  

The d i s t r i b u t e d  la te ra l  f o r c e ,  f ( x ) ,  i s  assumed t o  be  piece-  
w i s e  l i n e a r  and is r e p r e s e n t e d  by s t r a i g h t  l i n e  segments as shown 
i n  F igu re  1. 

/-\/. X 

F i g u r e  1 D i s t r i b u t e d  L a t z r a l  Force 

The x - s t a t i o n s  of t h e  end p o i n t s  f o r  t h e  l i n e  segments g i v i n g  t h e  
d i s t r i b u t e d  l a t e ra l  f o r c e  a r e  independent of t h e  panel  p o i n t  
x - s t a t i o n s .  However, t h e  d i s t r i b u t e d  l a t e ra l  f o r c e  must be  w i t h i n  
t h e  panel  p o i n t  l i m i t s .  The  l i n e  segments r e p r e c e n t i n g  the d i s -  
t r i b u t e d  la te ra l  f o r c e  may o r  may not  be j o i n e d  and ma, ove r l ap .  
The d i s t r i b u t e d  later;;? f o r c e  is de f ined  i n  [DIST]. Each row c f  
[DIST] r e p r e s e n t s  one n o n v e r t i c a l  l i n e  segment. The form of each 
row of [DIST] i s  [ X I  x? fl f 2 ]  where X I ,  f l  g i v e  t h e  f i r s t  end 
p o i n t ,  and x2, f 2  g i v e  t h e  second end p o i n t  of a l i n e  segment. 

The concen t r a t ed  l a t e r a l  f o r c e s  are de f ined  i n  [CONC]. Each 
row of [CONC] c o n t a i n s  one concen t r a t ed  l a t e r a l  f o r c e ,  Fc,  and 

i t s  x l o c a t i o n  i n  t h e  form x . A concen t r a t ed  l a te ra l  f o r c e  

may b e  o u t s i d e  t h e  pane l  p o i n t  l i m i t s .  
[ c Fcl 

The c a l c u l a t e d  r e p r e s e n t a t i v e  concen t r a t ed  f o r c e s  a t  t h e  
s e l e c t e d  panel  p o i n t s  are placed i n  {Z}, 
and center of p r e s s u r e  a r e  a l s o  c a l c u l a t e d  and p r i n t e d .  

The t o t a l  l a t e r a l  f o r c e  
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DESCRIPTION OF TECllNIQUE 

The replacement o f  d i s t r i b u t e d  and coiicentratc>d l a t e r a l  f o r c c s  
by r e p r e s e n t a t i \ . e  concentrated f o r c e s  a t  s e l e c t e d  panel p o i n t s  is  
obtained using a v i r t u a l  work approach. The v i r t u a l  work done by 
t h e  la te ra l  f o r c e s  on a beam is defined by 

E X 

&W = \ f (x) &y(x )  dx + C F c  y x c )  
C S X 

where 

f ( x )  i s  t h e  d i s t r i b u t e d  l a t e r a l  f o r c e ,  

F i s  a concen t r a t ed  la te ra l  f o r c e ,  
C 

6y(x) is t h e  l a t e r a l  v i r t u a l  displacement measured from 
t h e  hndy x-axis,  

x is  t h e  undeformed l o n g i t u d i n a l  ax i s  of t he  beam, 

S 

E 

x is  t h e  s t a r t i n g  x - s t a t i o n  of t h e  beam,.and 

x i s  t h e  ending x - s t a t i o n  of t h e  beaijt. 

The f i n i t e  summation i s  over  t h e  number of concen t r a t ed  l a te ra l  
f o r c e s ,  F . 

C 

Most techniques f o r .  d e s c r i b i n g  t h e  l a t e r a l  displacement 
( v i r t u a l  o r  r e a l )  assume a f u n c t i o n ,  y ( x ) ,  over t h e  e n t i r e  l eng th  
of the  beam. However, cons ide rab le  s k i l l  i s  r equ i r ed  i n  choosing 
this func t ion .  The techr.iquz used h e r e  I s  t o  r e p r e s e n t  the l a t -  
eral  displacement between consecu t ive  pane l  p o i n t s  by some s imple 
f u n c t i o n  of t h e  p a n e l  p o i n t  displacements .  A Ziztenr disp1acemer.t 
func t ion  w i l l  b e  assumed he re .  This is i l l u s t r a t e d  i n  F igu re  2 
where \ and x a r e  consecu t ive  panel  p o i n t  s t a t i o n s .  The 

r eg ion  between panel  p o i n t s  k and k+l  is r e f e r r e d  t o  as bay k. 
k+l 

1 I I - x  
"k Ic+l 

Figure 2 Linear  Displacement Function 



The displacemenr between pane l  p o i n t s  k and k+l  is  given  bv 

S i m i l a r l y  

- 'k) 6y(x) = cy k + ( x - "k) ("k+l - *'k)//('k+l 

The v i r t u a l  work of  d i s t r i b u t e d  and concent ra ted  forces w i l l  
b e  cons idered  s e p a r a t e l y .  The d i s t r i b u t e d  l a t e r a l  f o r c e ,  f (x), is 
cons idered  f i r s t .  
u ted  f o r c e  is shown i n  F igu re  3 .  

The  geometry f o r  a l i n e  segment of d i s t r i b -  

F igu re  3 Line Segment Geometry 

liL? equa t ion  for  a straight l l n e  segment as show. i n  F igu re  3 is 

S u b s t i t u t i n g  Equat ions (2) and (3) i n t o  (1) g i v e s  t h e  v i r t u a l  
work of  t h e  d i s t r i b u t e d  la te ra l  f o r c e  r ep resen ted  by one l i n e  
segment, i, i n  bay k as 



The s u b s c r i p t s  p arid q have bccn int roduced t o  handle  tlic possi- 
b i l i t y  of a l i n e  segment extending p a s t  t h e  bav l i m i t s .  l'kii-, 
x is t h e  greater of x! o r  x and x is t h e  lesser of  x: or x 

S i m i l a r l y ,  f is e i t h e r  fl or f and f is e i t h e r  f2  or f 

The i n t c g r a t i o c  is cont inued f o r  t h e  l i n e  segment i n  a d j a c e n t  
bays, i f  necessary,  u n t i l  t h e  e n t i r e  l i n ?  s e w e n t  k.as been used. 
Performing the i n t e g r a t i o n  of Equation (4) y i e l d s  

k+l- P k 9 
k+l * P k' 9 

where 

L = x  - x  and 
P 9 P' 

By d e f i n i t i o n ,  t h e  2 o e f f i c i e n t  of v i r t u a l  displacement  is t h e  
force. Thus, z and zk+l are t h e  r e p r e s e n t a t i v e  concent ra ted  

f o r c e s  at p a n e l  p o i n t s  k and k+l r e p l a c i n g  t h e  d i s t r i b u t e d  la teral  
force represented  by one l i n e  segment i i n  bay k. 

k 

The concentrated la teral  f o r c e s  are considered l a s t .  For a 
f o r c e  l o c a t e d  in bay k,  t h e  displacement a t  t h e  f o r c e  l o c a t i o n ,  
hyy(xc), is given i n  terms of a d j a c e n t  pane l  p o i n t  displacements  

hy(\) and h y Y ( ~ , + ~ ) .  Thus, from Equations (2) and (1) t h e  v i r t u a l  

work of one Concentrated f o r c e ,  Fc, i n  bay k is given as 
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where 

and 

2 k+l = Fc ( xc - xk)/’(xk+l - xk) - 
The virtual displacement coefficients, z acd z , are the repre- 
sentative concentrated forces at panel points k and k+l to replace 
the concentrated lateral force, F in oay k. 

k k+!. 

C’ 

The representative concentrated panel point forces for the 
entire beam are finally obtained by evaluating Equations ( 5 )  for 
each line sejpent of distributed force and Equations (6) for each 
Concentrated force. Like terms of z are then sunqed. 

It is interesting to note that the virtual work approach with 
assumed linear displacement between consecutive panel points used 
here, gives identical results t o  the more common static “beaming- 
out” approach. 

The total lateral force and center of pressure for the beam 
are calculated by using rigid body translation and rotation modes 
in the following matrix product. 

where 

11) is a column of ones, 

{PPI is a column of  the panel point x stations, 

I21 is a column of the concentrated panel point forces, 

FT = total force on the beam, and 

PT = total moment of forces on the beam about x = 0. 0 

From this data the center of pressure of the forces is calculated 
from 
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EXAMPLE 

Consider a beam wi th  d i s t r i b u t e d  and concent ra ted  lateral 
f o r c e s  as shown i n  tile ske tch .  

1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1  x (in.) 
0 10 20 30 40 50 60 70 80 

The 
The 

{PPI 

pane l  p o i n t s  are denoted by t h e  p o i n t s  numbered 1 t h r u  5 .  
p a n e l  p o i n t  x - s t a t ions  and t h e  f o r c e  d a t a  are d e f i s e d  i n :  

and ;CONC] = [ 7 0 .  30.1. 
45. 55. 10. 20-1 10. I [DIST] = 15. 30. 5 .  

Using t h e  technique  desc r ibea  p rev ious ly  and Equations ( 5 )  and 
(6), t h e  r eade r  can v e r i f y  t h e  fo l lowing  r e s u l t s .  
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For row 1 of  [DLST]: 

Bay I: zl = 27.80 lb 

= '? .20  l b  

Bay 2: z2 = 76.07 lb 

~3 = 11.43 lb. 

For row 2 of (ULST]: 

Bay 3: z3 = 75.00 lb 

24 = 25.00 lb. 

For row 1 of [CONC]: 

Bay 4: 24 = 20.00 l b  

The final forces at the selected panel points  {PPI to replace 
distributed forces  defined by [DLST] and concentrated forces  de- 
f ined by [CONC] arc given by the sum of the above r e s u l t s  as 

(2) = 



Subrout ine  ALODZ t a k e s  (on o p t i o n )  d i s t r i b u t e d  and concen- 
t r a t e d  a x i a l  f o r c e s  on a beam and r e p l a c e s  them wi th  representn-  
t i v e  concent ra ted  f o r c e s  a t  s e l e c t e d  p o i n t s  on t h e  beam. 

The x - s t a t i o n s  of t h e  s e l e c t e d  p o i n t s  (panel p o i n t s )  ;ire 
given i n  {PPI. These x - s t a t i o n s  must b e  i n  incrcB;isiut: o r d e r .  

The d i s t r i b u t e d  a x i a l  f o r c e ,  f ( x ) ,  is assumed t o  b e  piecc- 
w i s e  l i n e a r  and is r e p r e s e n t e d  by s t r a i g h t  l i n e  segments as shown 
i n  F igure  1. 

f (XI 

X 

Figure  1 D i s t r i b u t e d  Axia l  Force 

The x - s t a t i o n s  of t h e  end p o i n t s  f o r  t h e  l i n e  segments giv- 
i n g  ?'ie d i s t r i b u t e d  a x i a l  f o r c e  are independent of  t h e  pane l  
PO '  .t x-s ta t ions .  However, t h e  d i s t r i b u t e d  a x i a l  f o r c e  must b e  
w i t h i n  t h e  pane l  p o i n t  l i m i t s .  The l i n e  segments r e p r e s e n t i n g  
t h e  d i s r r i b u t e d  a x i a l  f o r c e  may o r  may n o t  b e  j o i n e d  and may 
overlap.  The d i s t r i b u t e d  a x i a l  f o r c e  is def ined  i n  [DIST].  Each 
row of [DIST] r e p r e s e n t s  one n o n v e r t i c a l  l i n e  segment. The form 
oi each row of [DIST] is [ X I  x2 f l  f z ]  where XI, f 1  g i v e  t h e  f i r s t  
end p o i n t  and x ? , ' f %  g i v e  t h e  second end p o i n t  of a l i n e  segment. 

'fie concent ra ted  s x i a l  f o r c e s  are def ined  i n  [CONC]. Each 
r iw of [CONC] c o n t d n s  one concent ra ted  a x i a l  f o r c e ,  F and i t s  

x l o c a t i o n  ir? t h e  form kc fc]. A concent ra ted  a x i a l  f o r c e  may 

b e  o u t s i e e  t h e  pane l  p o i n t  l i m i t s .  

C '  

The c a l c u l a t e d  r e p r e s e n t a t i v e  concent ra ted  f o r c e s  a t  t h e  
s d e c t e d  p a n e l  p o i n t s  are p laced  i n  {Zl. 
is  a162 c a l c u l a t e d  and p r i n t e d .  

The t o t a l  a x i a l  f o r c e  



DESC-IPTION OF TECHNIQUE - 
The replacement o f  d i s t r i b u t e d  and concen t r a t ed  axial  forccas 

by r e p r e s e n t a t i v e  concen t r a t ed  f o r c e s  a t  s e l e c t e d  panel  p o i n t s  
is ob ta ined  u s i n g  a v i r t u a l  work approach as fol lows.  

The v i r t u a l  work done by t h e  axial  f o r c e s  on a beam is dc- 
f i n e d  by 

E X 

bW = [  f ( x )  6 g ( x )  dx  + 
C S J X  

where 

f (x) is t h e  d i s t r i b u t e d  a x i a l  f o r c e ,  

F is a concen t r a t ed  axial  f o r c e ,  

bg(x) is t h e  a x i a l  v i r t u a l  displacement ,  

C 

x is t h e  l o n g i t u d i n a l  axis o f  t h e  beam, 

x is t h e  s t a r t i n g  x - s t a t i o n  of  t h e  beam, and 

x is t h e  ending x - s t a t i o n  of t h e  beam. 

The f i n i t e  summation is ove r  t h e  number of  concen t r a t ed  axial  
f o r c e s ,  F . 

S 

E 

C 

Most techniques f o r  d e s c r i b i n g  t h e  i :xial  displacemect  (vir- 
t u a l  o r  r e a l )  assume a f u n c t i o n ,  g ( x ) ,  c v e r  t h e  en t i re  l e n g t h  of 
t h e  beam. However, cons ide rab le  s k i l l  is r e q u i r e d  i r .  choosing 
t h i s  func t ion .  The technique used h e r e  is t o  r e p r e s e n t  t h e  
a x i a l  displacement  between consecu t ive  pane l  p o i n t s  by some s imple 
f u n c t i o n  of t h e  panel  p o i n t  displacement .  A uniform displacement 
f u n c t i o n  w i l l  be assumed h e r e .  The displacement between consecu- 
t i v e  panel p o i n t s  k and k+l  is assumed equa l  t o  t h e  displacement  
ot  p a t d  p o i n t  k+l. That i s ,  

gk+l '  

S i m i l a r l y  
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The r eg ion  between panel p o i n t s  k and k+l is r e f e r r e d  t o  its bay 
k. 

The v i r t u a l  work of d i s t r i b u t e d  and concen t r a t ed  forces w i l l  
'be considered s e p a r a t e l y .  The d i s t r i b u t e d  a x i a l  force, f ( x ) ,  is 
considered f i r s t .  
f o r c e  is shown i n  F igu re  2. 

The geometry f o r  ;I l i n e  segment of d i s t r i b u t e d  

F igu re  2 Line Segment Geometry 

The equa t ion  f o r  a s t r a i g h t  l i n e  segment as showc i n  F igu re  3 is 

S u b s t i t u t i n g  Equations (2) and (3) i n t o  (1) g i v e s  t h e  v i r t u a l  
work of t h e  d i s t r i b u t e d  a x i a l  f o r c e  r ep resen ted  by one l i n e  seg- 
ment i i n  bay k as 

The s u b s c r i p t s  p and q have been introduced t o  handle  t h e  possi-  
b i l i t y  of a l i n e  segment extending p a s t  t h e  bay l i m i t s .  Thus, 
x i s  t h e  lesser of x o r  x 

S i m i l a r l y ,  f is e i t h e r  f2 or fk+l.  

The i n t e g r a t i o n  i s  continued f o r  t h e  l i n e  segment i n  a d j a c e n t  
bays,  i f  necessa ry ,  u n t i l  t h e  e n t i r e  l i n e  segment h a s  been used. 

k + l  ' is the  g r e a t e r  of x1 o r  xk and x P 9 2 
is e i t h e r  f l  o r  f k  and f 

P 9 



ALOD2-- 4 / 6  

Performing the integration of Equation (4) yields 

where 

= 4(fp + fs) (xq - XP) k+l z 

By definition, the coefficient of  the virtual displacement is the 
force. Thus, z is the representative concentrated force at 

panel point k+l to replace the distributed axial force represented 
by one line segment i in bay k. 

k+l 

The concentrated axial forces are considered last. For a 
force located in bay k, the displacement at the force location 
is given by Equation (2 j  as 

"g("C) 

From Equation (I), the virtual 
Fc, in bay k is given as 

- - ' ?k+l* 
work of one Concentrated force, 

k+l = Fc. where 2 

The virtual displacement coefficient, is the representative 

concentrated force at panel point k+l to replace the concentrated 
axial force, Fc, in bay k. 

The representative concentrated panel point forces for the 
entire beam are finally obtained by evaluating Equation (sa) €or 
each line segment of distributed force and Equation (64 for eack. 
concentrated force. Like terms, zk, are then surr.med. 

It i s  interesting to note that the virtual work approac5 used 
here, with displacement in bay k assumed uniform and equal to the 
displacement at panel point k+l, gives identical results to the 
more common procedure of placing all forces in bay k at panel 
point k+l. 

The total axla l  force 1s calculated by summing the elements 
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EXAMPLE 

Consider a beam with d i s t r i b u t e d  and concen t r a t ed  a x i a l  f o r c e s  
as shown i n  t h e  s k e t c h .  

30 l b  

The pane l  p o i n t s  are denoted by t h e  p o i n t s  numbered 1 t h r u  5 .  
The pane l  p o i n t  x - s t a t i o n s  and t h e  f o r c e  d a t a  are de f ined  i n :  

{PPI = [DIST] = 15. 30. 5. 20. and [CONC] = 170. 30.1. 
45 .  55. 5 .  5 .  

I I 
Using t h e  technique desc r ibed  p rev ious ly  and Equations (Sa) 

and (6a), t h e  r e a d e r  can v e r i f y  t h e  fol lowing r e s u l t s .  

For row 1 of [DIST]: 

Bay 1: z2 = 100.0 lb 

Bay 2: 23 = 87.5 lb. 

For row 2 of  [DIST]: 

Bay 3: 24 = 50 lb. 

For row 1 of  [CONC]: 

Bay 4 :  zg = 30.0 lb. 
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The final forces a t  the se lected  points { P P I  t o  replace distributed 
forces defined by [DIST] and concentrated forces defined by [CONC] 
are given by the sum of the above results as 
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Subroutine ALPHAA calculates  the mult ip l icat ion of a matrix 
by a sca lar .  In matrix notation, 

where 

NK i s  the number of rows of each matrix, and 

NC is  the  number of columns of each matrix. 

EXAMFLE 

Consider input of u = 2. and 

7 .  2. -3 .  

= [ 4 .  5. 6 1  , 

The reader can e a s i l y  ver i fy  the output to b e  

1 4 .  4 .  -6. 

a [ 8 .  10. 12]. 



ASSEN 

Subrout ine ASSEM p l a c e s  (assembles) a m a t r i x  [ A ]  i n t o  a sec- 
ond mat r ix  [ Z ]  s t a r t i n g  at a des igna ted  row, column l o c a t i o n  
(IRZ, J C Z ,  r e s p e c t i v e l y )  i n  [Z]. The elements  of [A] w i l l  r ep l ace  
corresponding elements  i n  t h e  o r i g i n a l  [ Z ] .  Before the f i r s t  u se  
of t h i s  s u b r o u t i n e  i n  forming l Z ] ,  i t  i s  important  t h a t  [Z]  is  
c o r r e c t l y  def ined.  For example, i f  [ Z ]  is t o  b e  o r i g i n a l l y  a l l  
z e r o s ,  Subrout ine ZERO could be  used. T h i s  sub rou t ine  may be 
c a l l e d  r epea ted ly  t o  form [Z] from the assembly of s e v e r a l  [ A ]  
matrices. The [A] m a t r i x  must be w i t h i n  t h e  row, column l i m i t s  , 
of [Z]. In s u b s c r i p t  n o t a t i o n ,  

where 

i 0 k + I R Z  - 1 

j = L + JCZ - 1 

NRA is t h e  number of rows of [A]; 

NCA is t h e  number of columns of [A]. 

EXAMP LE 

Consider a matrix de f ined  as 

[z13x4 - 

-lo O b  O. 

O.1 

-O' 0. 0. 2 '  O *  0. O I .  0. 

i o  t o  b e  assembled ,.it0 [Z] s tar t -  
6. 7 .  8. 

Matrix [ A I z x 3  = 

i n g  a t  t h e  2 , l  l o c a t i o n  (IRZ - 2 ,  J C Z  - 1) of [ Z ] .  

The r e s u l t  of t h i s  o p e r a t i o n  w i l l  be 

= 

1. 0. 0 .  0. 

3 .  4 .  5. 0. 

6 .  7. 8 .  0 .  
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Subrout ine ATXBAl c a l c u l a t e s  a s p e c i a l  matrix product .  
n o t a  t i o n ,  

I n  m a t r i x  

where [Z] i s  c a l c u l a t e d  as symmetric and placed i n  t h e  same c o r e  
l o c a t i o n s  as [A] t o  a l l o x  l a r g e r  m a t r i x  s izes .  NRB is t h e  number 

T ’  of rows of [B], columns of [A] . NCB i s  t h e  number of a i u m i i b  

of [B], rows of [AIT, and s i z e  of [ Z ] .  

I n  scalar summation n o t a t i o n ,  

NRB NRB i = 1, NCB 
= I ,  NCB 

k = l  k = l  
‘ij = ( aT) ik  b k j  = b k j  

DESCRIPTION OF TECHNIQUE 

To reduce computer time and accomplish t h e  matrix product  using 
on ly  two matrix cork spaces ,  an i n t e r m e d i a t e  work space  v e c t o r  
i s  used. The s ize  of t h i s  work v e c t o r  determines t h e  maximum 
number of columns of [B],  i . e . ,  NCB. The m a t r i x  m u l t i p l i c a t i o n  
i s  accomplished as fol lows.  
I s  m u l t i p l i e d  times t h e  columns of [ B ] .  These r e s u l t s  are  s t o r c . j  
i n  t h e  work v e c t o r  u n t i l  a l l  t h e  columns of [B] have been used. 
Because [ Z ]  w i l l  b e  symmetric, columns of [B] less than  the  row of [AIT 
need n o t  be  used. The elements  i n  t h e  work v e c t o r  then r e p l a c e  t h e  
row of [AIT (column of  [A]) used i n  t h e  m u l t i p l i c a t i o n .  
procedure i s  r epea ted  f o r  a l l  rows of ;AIT (columns of [A]) t o  
c a l c u l a t e  t h e  lower h a l f  of t h e  answer [Z] .  The lower ha l f  i s  then  
r e f l e c t e d  t o  t h e  upper h a l f  t o  g i v e  t h e  f i n a l  result .  

A s i n g l e  row of [AIT (columns of [A]) 

Th i s  



ATXRB 

Subrou t ine  ATXBB calculates a s p e c i a l  m a t r i x  product .  
no ta t  i o n ,  

I n  m a t r i x  

where [Z] is  placed i n  t h e  same c o r e  l o c a t i o n s  as [ B ]  t o  a l low 

l a r g e r  m a t r i x  s i z e s ;  NRAT is ' , e  number of rows of [A]  and [ Z ] ;  

NRB i s  the: number of rows of [B] and columns of [ A I T ;  NCB is the 
number of columns of [ B ]  and [ Z ] .  

T 

I n  scalar - d m a t i o n  n o t a t i o n  

k= 1 k-1  

DESCRIPTION OF TECHNIQUE 

To reduce computer time and accomplish t h e  matrix product  using 
only t s o  matr ix  c o r e  spaces ,  an i n t e r m e d i a t e  work space  v e c t o r  
is used. The s i z e  of t h i s  work v e c t o r  determines the maximum 

number of rows of [ A ]  i . e . ,  N U T .  The m a t r i x  m u l t i p l i c a t i o n  i s  

accomplished as fol lows.  The rows of [ A j  (columns of [A]) are 
m u l t i p l i e d  times a s i n g l e  column of [B]. These resd ts  are s t o r e d  

i n  t h e  work v e c t o r  u n t i l  a l l  t h e  rows o f  [A] have been used. Tke 
elements  i n  t h e  work v e c t o r  then r e p l a c e  t h e  column of [B] used i n  
the m u l t i p l i c a t i o n .  T h i s  procedure is repea ted  f o r  a l l  columns 
of [ B )  t o  c a l c u l a t e  t h e  result [Z]. 

T 
T 

T 
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Subroutiny ATXBBL calculates a special ma t r ix  product .  
rnatrix n e t a t i o n ,  

I n  

where 

[A ]  = a square ,  upper t r i a n g u l a r  matrix; 

[Z] = placed i n  t h e  same c o r e  l o c a t i o n s  as [B] t o  allow l a r g z r  
m x i x  s i z e s ;  

NRB = t h e  number of rows of [ B ]  and [ Z ]  and s i z e  of [A ] ;  

NCB = t h e  number of columns of [B] and [Z] .  

In  scalar summation a o t a t i o n  

k= 1 k=l 

DESCRIPTION OF TECHNIQUE 

To reduce computer t i m e  and accomplish t h e  matrix product  u s ing  
only two ma t r ix  cere spaces ,  an in t e rmed ia t e  work space  v e c t o r  
is used. The size of t h i s  work v e c t o r  determines t h e  maximum 
NRB. The mat r ix  m u l t i p l i c a t i o n  is accomplished as  fo l lows .  The 

T rows of [ A ]  (columns of [A]) up to t h e  d iagonal  are m u l t i p l i e d  
times a s i n g l e  column of [B[. 

work vector  u n t i l  a l l  t h e  rows of [A]  have been used.  Tho ele- 
ments i n  t h e  work vec to r  then r e p l a c e  t h e  column of [ E ]  used i n  
t he  mult ipl 'cat ion.  This  procedure is repea ted  for a l l  columns 
of  [B! t o  c a l c u l a t e  t h e  result  [ Z ] .  

These r e s u l t s  are s t o r e d  i n  t h e  
T 
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Subrout ine  ATX9B2 c a l c u l a t e s  a s p e c i a l  ma t r ix  product .  
ma t r ix  n o t a t i o n ,  

I n  

where 

[A( = r e c t a n g u l a r  matrix; 

[ B )  = r e c t a n g u l a r  matrix; 

[ Z ]  = square ,  symmetric matrix; 

NRB = number of rows of ( B ]  and [A]; 

NCB = number of columns of [B] and [A]. Number of rows and 
coiumns of [ZI. 

TF.2 r e s u l t ,  (21, is formed i n  t h e  same c o r e  l o c a t i o n  as [ B ] .  

The a lgor i thm for t h e  e lements  of t h e  ma t r ix  product ,  (21, is 

NRB NRB 
= zji = (A T Iik bkJ = ski bkJ (i = ” NcB) 

j = i, NCB =ij  
k=l k = l  

DESCRIPTION OF TECHNIQUE 

This  s u b r o u t i n e  is in tended  t o  be used as t h e  second m u l t i p l i c a t i o n  
of a t r i p l e  matrix product  

[ZI = (AIT [CI  [AI 

and matrix [ B ]  r e p r e s e n t s  t h e  product  of [C] and [ A I  

Matrix [C ]  is assumed t o  b e  symmetric and i t  fo l lows ,  t h e r e f o r e ,  
t h a t  [Z] is  a l s o  symmetric. The upper h a l f  of [ Z ]  is c a l c u l a t e d  
and r e f l e c t e d  t o  form t h e  lower h a l f .  The result, [ Z ] ,  is p laced  
i n  t h e  [ B ]  c o r e  l o c a t i o n s .  



Subroutine AxBAl calculates a special matrix product. 
not at ion, 

In matrix 

uhere 

[A] = rectangular matrix; 

[B) = upper triangular, squ re matrix; 

121 = rectangular matrix; 

NRA = number of rows of [A] and [Zl; 

SCA = number cf columns of [A] and 121; 
number of rows and coluahs of [B]. 

The result, [Z!, is formed in the same core locations as [A:. 

The dsorithm for &he elements of the nratrix product, [Z],  is 

i 

' if = aik bkj 
k=l 

(t = i ,  YRA) 
= 1, NCA 
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Subroutine AXBAZ calculates a special matrix product. 
nota tion, 

in  matrix 

where 

[A] = square matrix; 

(81 = upper triangular, square matrix; 

[Z]  = symnetric, square matrix; 

N = irumber of rows and columns in [A], (B], and [Z]  . 
The result, [Z], is formed i n  the same core locations as [A]. 

The algorithm for the elements of the matrix product, [Z], is 

‘ij ‘ji aik bkj (f f :: :) 
k=l 



Subroutine AXBA3 ca lculates  a special matrix product. 
notation, 

In matrix 

where 

(A]  = upper triangular, sqcar'e matrix; 

[ B ]  = rectangular matrix; 

[ Z ]  = rectangular matrix; 

NRB = number of rows of [ B ]  and [Z],  
number of rows and columns of [AI; 

NCB = number of columns of [R] and [Z]. 

The resu l t ,  [ Z ] ,  is formed 5n the same core locat ions  as  [A].  

The algorithm for the elements of the matrix product, [ Z ] ,  is  

NRB 

* ij = c aik bkj 
k= i 
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Subrou t ine  BABT c a l c u l a t e s  a special  form of the t r i p l e  m a t r i x  
product .  In matrix n o t a t i o n ,  

where 

[A] = squa re ,  non-symmetric matrix. 

[B? = r e c t a n g u l a r  matrix. 

[ ~ j  I squa re ,  n o n - s p e t r i c  matrix. 

NRB = number of revs of [B) and size of [z). 

NCB = nunber of colums of [B] and size of [A]. 

Theorem: If [ A I  is symmetric ( t h a t  is, [A] = [ A I T )  
symmetric. 

then  [ Z )  is 

- Proof:  [Z]'' = ([B] [A] 

T 
= ([BIT) [AIT [BIT 

There fo re ,  i f  [A] is n o n - s y m t r i c ,  (Z] i s  non-synsnetric. 

DESCRIPTION OF T E C H N J G  

To r educe  computer time, a n  i n t e r m e d i a t e  work s p a c e  v e c t o r  is 
used in t h e  s u b r o u t m e .  The s i z e  of t h i s  work v e c t o r  determines 
t n e  l i m i t a t i o n  on t h e  number of columns o f  LB] and ~ h u a  the s i z e  
of [A] ( i , e , ,  NCB). 'Lhlu s ~ e i i i l l  t r i p l e  matr ix  product Is accom- 
p l i o h e d  813 followw. The rows of [ A ]  o r e  m u l l l p l f c t l  tlmco a 

column of [ 8 ]  . 'lhcse r c u u l t u  arc s t o r e d  I n  the work v e c t o r .  
Next, t h e  row8 of  [BJ m u l t i p l y  t h e  work v e c t o r  t o  o b t a i n  a column 
of t h e  answer 121. 

'1 

This procedure ie r epor t ed  f o r  all t h e  columns 
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T of [B) t o  give the answer [Z) . 
EXAMPLE 

Consider input  of 

The 

- 
CAI 2x2 - 

reader can 

1 4 1  16. lB1 3x2 = and [-:: 9. 

easily verify the output to be 

[ Z l s x 3  = p 2 6 7 .  910. 5255. 1 
1067. 216. 

5259. 1122. 

:1] 12. 
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Subrout ine BABTA c a l c u l a t e s  a s p e c i a l  Eorm of the L r i p l e  m a t r i x  
product. This  sub rou t inc  is a modif ica t ion  of Subrout ine BART to i11- 
low l a r g e r  G t r i x  s i z e s  by placing tlie answer [Z] in the same ;ore 
l o c a t i o n s  as [A] . I n  ma t r ix  n o t a t i o n ,  

where 

NCB NCB 

= cc b i i .  bjk 
r = l  lc=l 

zi j  

[A] = squa re ,  non-symmetric mat r ix .  

(B] = r e c t a n g u l a r  ma t r ix  

[z] = squa re ,  non-symmetric mat r ix .  

NRB = number of rows of [B] and s i z e  of [Z). 

NCB = number of columns of [B] and size of [A]. 

Theorem: If [A] is symmetric (that is, [A] 
sym.iet 1: ic . 

[AIT), then [Z] is 

T - Proof:  [ZIT = ([B] [ A ]  [B]") 

Therefore ,  i f  (A] is non-symmetric, 121 is non-symmetric. 

DESCRIPTION OF TECHNlQIJE 

To reduce computer time and t o  accomplish tlie s p e c i a l  t r i p l e  ma t r ix  
product using only two matr ix  core spaces ,  an  in t e rmed ia t e  work space 



BABTA - -212 

v e c t o r  is used i n  t he  sub rou t ine .  The size of t h i s  work v e c t o r  d e t e r -  
mines the l i m i t a t i o n  on t h e  number of columns of (01 ( i .e . ,  NCB). The 
s p e c i a l  t r i p l e  ma t r ix  product  is accomplished a s  fo l lows .  A row of [A] 
is Placed i n  the  work v e c t o r  wliicli is m u l t i p l i e d  times t h e  columns of 
[B] . These r c s u l t s  then replace the row of [A] used in the m u l t i p l i -  

c a t i o n .  This  procedure i s  repea ted  for a l l  rows of [A] to  o b t a i n  [ABT]. 
Ncxt, a co lumn of [ABT] is placed i n  the work vector which is m u l t i p l i e d  
by the rows of [BJ to give a column of the  answer [Z) . This l a s t  pro- 
cedure  is repea ted  f o r  a l l  columns of [ABT] to give the  answer 121 . 
EXAMPLE 

Consider  input of 

L J 

The r e a d e r  can easily v e r i f y  t h e  ou tpu t  to be r4267. 910. 5265.1 

[Z] 3x3 = L1067. 216. 1317. 

5259. 1122. 6489. 



Subrout ine  BTAB c a l c u l a t e s  a s p e c i a l  t r i p l e  m a t r i x  product .  In 
matrix n o t a t i o n ,  

where 

NRB NRB 

[A] = square, non-synunetric ma t r ix .  

[B) = r e c t a n g u l a r  ma t r f x  

[z] = squa re ,  non-symnetric m a t r i x  

NRB = number of rows of [B] and size of [A] . 
NCB = number of columns of (B] and s i z e  of (21 . 

Theorem: I f  [A]  is symmetric { t h a t  is, [A] = [ A I T ) ,  t hen  [Z] Fs 
symmetric 

Proof: T 
[ZIT = ( [ B I T  [AI [ B I )  

= [ Z ] .  

The re fo re ,  i f  [A] is non-symmetric, (2) is non-syrrauetric. 

DESCRIPTION OF TECHNIQUE 

To reduce computer time, an fn t e rmed ia t e  work space  v e c t o r  is  
used i n  the  s u b r o u t i n e .  The s i z e  of tLis work v e c t o r  de te rmines  the 
l i m i t a t i o n  on the number of rows of [B] and thus the s i z e  of [A] ( i . e . ,  
NRB). The t r i p l e  ma t r ix  product is accomplished as fo l lows .  The rows 
of [A) a r e  m u l t i p l i e d  times a column of [B] . These r e s u l t s  a r e  s t o r e d  
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i n  
the 
is 

the work vector.  

repeated for a l l  tlic columns of [B] t o  give the answer [Z] _. 
Next, the rows of [IllT (columns of [B]) mulciply 

work vector to obta in  (1 column of the answer [Zl . T h i s  procedure 

W l I ’ L E  

Consider input of 

-8 

The reader can e a s i l y  verify the output to be  

[ Z ] 3 x 3  = 4267. 910. 5265. [ 1067. 216. 13171 

5259. 1122. 6489. . 



Subrout ine  BTABA c a l c u l a t e s  a s p e c i a l  t r i p l e  ma t r ix  p r o d u c t .  This 
subrou t ine  is a mod i f i ca t ion  of SubrouLine HTAB 
s i z e s  by p l a c i n g  the  answer [Z] i n  the same c o r e  l o c a t i o n s  a s  !.A]. I n  
m a t r i x  n o t a t i o n ,  

t o  o l low l a r g e r  miitrlx 

where 

NKB NRB 

k = l  k = l  

i = 1, NCU 
j = 1, SCB 

[A] = squa re ,  non-symnetric ma t r ix .  

[B] = r e c t a n g u l a r  m a t r i x .  

[z] = squa re ,  non-symmetric m a t r i x .  

NRB = number of row8 of [B] and size of [A) . 
NCB = number of columns of [B] and s ize  of [Z] . 

Theorem: If [A] is symiietric (Lhat is, [ A ]  = [AI''). then [ Z ]  is 
symmetric. 

= [XI. 

There fo re ,  i f  [AJ I s  n o n - s y m e t r i c ,  [Z] i s  n o n - s y m e t r i c .  

DESCRIPTION OF TECHHIQUE 

To reduce computer time and t o  a c c o m p l i ~ h  t h e  t r i p l e  ma t r ix  product  
uring only two ma t r ix  c o r e  s p a c e s ,  an i n t e r m e d i a t e  work space v e c t o r  is 
used in t h e  subroutFne. The s ize  of t h i s  work v e c t o r  de te rmines  the 

\ 
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l i m i t a t i o n  on the number of rows and columns of [U! ( i . c . ,  NILB and NCB). 
The t r i p l e  mat r ix  product is accomplished as fo l lows .  A row of [A: is 
placed i n  the work v e c t o r  which is m u l t i  l i e d  t i w L s  t h e  columns of [E: . 
This procedure is  rcpcated f o r  a l l  rows of [A) t o  o b t a i n  [tu: . Next 
the rows of [B3T (colunms of [B]) o r e  m u l t i p l i e d  timcs a s i n g l c  column 
of [AEi] j u s t  formed. These results arc? s t o r e d  i n  t h e  work vec to r  u n t i l  
a l l  the rows of [BIT have been used. 
then r ep lace  the coiumn of (AU) used i n  the m u l t i p l i c a t i o n .  This  pro- 
cedure  is repea ted  for a l l  coluinns of [AB] t o  g i v e  the answer [Z: .. 

These results then r e p l a c e  the row of [A, P used i n  the m u l t i p l i c a t i o n .  

The e lements  in the  work v e c t o r  

Consider i n p u t  of -... . 

The reader  can easily v e r i f y  the o u t p u t  to be 

[ Z ] 3 x 3  = 14267. 910. 5 2 6 5 1  

5259. 1122. 

1067. 216. 1317. 



Subrout ine  BTABA2 c a l c u l a t e s  a sDecial t r i p 1 2  ma t r ix  product .  In  
matrix n o t a t i o n ,  

where 

[A]  = squa re ,  symmetric ma t r ix ;  

[B J = squa re ,  upper t r i a n g u l a r  ma t r ix ;  

[ Z ]  = squa re ,  symmetric mat r ix .  Th i s  answer i s  placed i n  t h e  
same c o r e  l o c a t i o n s  as [ A ]  t o  a l low l a r g e r  s i z e s ;  

N = s i z e  of each matrix. 

T Theorem: T.f [ A ]  i n  s y m e t r i c  ( t h z t  i s ,  [ A ]  = [A] ) ,  then  [ Z ]  i s  
s vane t r i c . 

Pro0 f: 

= [Z] .  

DESCRIPTION OF - TECHNIQUE 

To reduce  computer t F m e  and accomplish t h e  t r i p l e  ma t r ix  product  
u s ing  only  t w o  mat r ix  w r e  spaces ,  an in t e rmed ia t e  work space  
v e c t o r  is used. The s i z e  of  t h i s  work v e c t o r  de te rmines  tho  
maximum mat r ix  s i z e ,  i . e . ,  N .  The t r i p l e  matrix product  i s  
accomplished as follows. A s i n g l e  row of [ A ]  is  p laceu  I n  t h e  
work v e c t o r  and is m u l t i p l i e d  times t t a  columns of  I b ] .  These 
r e s u l t s  then  r e p l a c e  t h e  row of [A] used i n  t h e  m u l t i p l i c a t i o n .  
T h i s  procedure  is r epea ted  f o r  a l l  t h e  rovs of [ A ] .  Use is made 

of t h e  upper t r i a n g u l a r  form of  [B]. Next, t h e  rows of [B] 
(columns of [ B ] )  a re  m u l t i p l i e d  times a s i n g l e  column of [AB] 
j u s t  formed. These r e s u l t s  are s t o r e d  i n  t h e  work v e c t o r  u n t i l  

a l l  of t h e  rows of [B] have beei! used. Again use  i s  made of t h e  
upper t r i a n g u l a r  form o f  [ B ] .  The elements  i n  t h e  wcrk v e c t o r  
thep r e p l a c e  t h e  cclumn o f  [AB! tised i n  t h e  m u l t i p l i c a t i o n ,  down 
t o  t h e  d i agona l  and t h e  corresponding row o u t  t o  t h e  d i agona l .  
T h i s  procedure  is repea ted  f o r  a l l  columns and corresponding rows 
of [AB] t o  g i v e  t h e  answer ( Z ] .  

T 

T 
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E x a y  le : 

Consider input of 

The reader can easily veri fy  the resul t  to be 

~ Z I , x ,  



COUUT 

Subrout ine COUUT e v a l u a t e s  a s p e c i a l  matrix o p e r a t i o n  by mul- 
t i p l y i n g  each column of a matrix [B] by a scalar. That is, 

where 

Z i j  - - a; bij 

(bj} deno tes  column j of [SI. L a h  scalar a is a n  element of 

t h e  i n p u t  v e c t o r  tAVECJ. 
[Z], and NC is  t h e  nur?.ber of columns i n  [B] and [Z] and t h e  s i z e  
of {AVEC). 
number of solumns of :B]. 

j 
XR is t h e  number of rous i n  [B] and 

The number of elements  of IAVEC) must be  e q u a l  to  t h e  

Consider i n p u t  of 

{AVEC) = [ 2 .  -3. 

The o u t p u t  w i l l  ther. be  



COMEKT 

Subrout ine COHENT r eads  inpu t  comment c a r d s  and reproduces 
each  ca rd  i n  t h e  p r i n t e d  ou tpu t  of t h e  computer run. Each com- 
ment ca rd  may have any keypunch symbol i n  ca rd  columns 1 t h r u  
78. A use of CONENT is t o  p r i n t  a n  exp lana t ion  of coord ina te s  
used i n  a computer run. Thus, t h i s  in format ion  is always re- 
t a i n e d  w i t h  a run  t o  correlate ma t r ix  l o c a t i o n  numbers wi th  
p h y s i c a l  coord ina tes .  



Subrou t ine  DCOMl decomposes [A]  t o  form a n  upper t r i a n g u l a r  

matrix [Z! such t h a t  [A] = [ Z ]  [Z). [A]  must be real, squa re .  
symmetric and p o s i t i v e  d e f i n i t e .  
is used. In matrix n o t a t i o n ,  

'r 
The  Choleski  sql;are r o o t  method 

where 

12 - - -  Z 

22 - * *  
z 

. I . . .  

0 ..I 2 'I. NN 

N is t h e  s i z e  of t h e  matrices ( squa re ) .  

DESCRIPTION OF TECHNIQUE 

To determine t h e  elements  of [Z ] ,  cons ide r  t h e  n u l t i p l i c a -  
t i o n  of t w o  matrices. 

A general term of [A]  i s  

Nj 
- 
- bil 'lj + '2j + ... + bipj z 

thus 

b = z  ij j i '  

Theref o r e  

aij = zli zl, + z  2i Z z j  + ... f zNi zNJ. 
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Because 

ve have 

= 0 for i .. j ,  
z i J  

+ ... i- z z (i - j )  2i '2j ii i j '  ai j  = zli zlj + z  

and 

a = z; '  + + ... + z' 
ii li 2 1  ii' 

i j  From t h e s e  l a s t  two equa t ions  t h e  formulas for determining z 
are obtained.  That is, 

I i-i 

ii 
k= 1 

( j  = 2, N )  

( i  = 2, N) 

MISCELLANEOUS 

The d iagona l  elements of [ Z ]  are t h e  squa re  r o o t  of t h e  d e t e r -  
minant r a t i o s  of [ A ] .  The determinant  of [A]  is t h e  product of 
t h e s e  determinant  r a t i o s .  That is, 

i= 1 



DCO111-- 3 / 3 

EXANPLE 

The input matrix to b e  decomposed i s  

Using the technique described prev ious ly ,  the  reader can 
v e r i f y  the output t o  b e  

- 
[Z13.3 - 3 .  5. 4 .  

0. 2 .  1. 

0. 0. 6 .  

REFERENCE 

Faddeeva, V. N. : Computational :lethods of Linear Algebra. 
Dover Publ i ca t ions  Inc., N e w  York, 1959. 



L) LAG 

Subrout ine DI& p l a c e s  t h e  elements  from a v e c t o r  (row or col- 
umn matr ix)  (AVECI i n t o  t h e  corresponding d iagonal  l o c a t i o n s  of a 
s q u a r e  m a t r i x  [ Z ]  and sets the  of f -d iagonal  e lements  of t h e  s q u a r e  
m a t r i x  to  zero.  I n  s u b s c r i p t  n o t a t i o n ,  

z = a  
ii i (i = 1, ti) 

In  m a t r i x  n o t a t i o n ,  

where N is t h e  s i z e  of [Z j  ( square) ,  and t h e  l e n g t h  of AVEC . { )  
EXAMPLE 

Consider i n p u t  of 

mid N = 3 . 

The r e s u l t  of t h i s  s u b r o u t i n e  w i l l  g i v e  

1. 0. 0. 

0. 2 .  0. 

0. 0. 3. 
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dx 

Subrout ine  DIFFl  performs numerical d i f f e r e n t i a t i o n  assuming 
a l i n e a r  func t ion  between known po in t s .  The x and y coord ina te s  
o f  tlle known p o i n t s  are g iven  by the  e lements  of {XAI and the cor-  
r e s p o d i n g  elements  i n  a column of [YA], r e spec t ive ly .  Each column 
of [YA] g ives  the  y coord ina te s  of n d i f f e r e n t  s e t  of p o i n t s .  
Der iva t ives  are c a l c u l a t e d  a t  s e l e c t e d  x coord ina te s  which a r c  
g iven  by t h e  elements  of ! X % j .  These d e r i v a t i v e s  are pt;iced i n  
[ Z ] .  Each cotumn of  [ % I  lias d e r i v a t i v e s  of the r e s p e c t i v e  u11unin 
of [YA]. D i f f e r e n t i a t i o n  of an e x t r a p o l a t e d  l i n e a r  func t ion  is 
performed when any element of ! X Z j  exceeds the  l i m i t s  of {XA}. 

- 
5 ! Y =  Y i + l  Y i  

i+l i ' X  X 

Xk 

DERIVATION OF T K H N I Q U E  

Civeu tile x,y coord ina te s  ,-f p o i n t s  i and i+ l ,  the d e r i v a t i v e  
dy/dx a t  \ is t o  be found by. assuming a l i n e a r  func t ion .  

Y 

n 
X k i+l X X i 

From t h e  above s k e t c h  i t  is obvious t h a t  

The fo l lowing  t a b u l a t i o n  g i v e s  t h e  c o r r e l a t i o n  be tween the nomen- 
clature of  Equation (1) and t h a t  used i n  t h e  For t r an  coding i n  
t he  sub rou t ine .  

:quat ion (1) 

i 

i+l 

X 

X 

y i  

Yi+l 

"k 

For t ran  Coding* 
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EXA..lPLE 

Consider  t h e  fo l lowing  two sets of p o i n t s  denoted by (1) and 
(2) * 

I Y  

The coord ina te s  of t h e  p o i n t s  are given by 

{MI g i v e s  t h e  x coord ina te s  of  t he  p o i n t s  i n  both sets (1) and 
( 2 ) .  Column 1 of [YA]  g i v e s  t h e  y coord ina te s  of t h e  p o i n t s  i n  
set  (1) and column 2 of [YA] g i v e s  t h e  y coord ina te s  of t h e  Doin ts  
i n  s e t  ( 2 ) .  Der iva t ives  are wanted a t  x = -1. and x = 7. ,  t h a t  i s ,  
a t  I X Z }  = -1 . A t  x = -1., d e r i v a t i v e s  of dyldx = 2. and 

dy/dx = -2. are c a l c u l a t e d  from columns 1 and 2 of [YA], respec-  
t i v e l y ,  u s ing  rows 1 and 2 of {XA) and [YA]. A t  x = 7 . ,  der iva-  
t ives  of dy/dx = -0.5 and dyldx  = 1. are c a l c u l a t e d  from columns 
1 and 2 of  [ Y A ] ,  r e s p e c t i v e l y ,  us ing  rows 2 and 3 of {%I} and 
[ Y A ] .  The f i n a l  r e s u l t  i s  [ Z ]  = 2 .  

I 7:I 

1-0.5 1. 

T o  r e l a t e  t h i s  example problem t o  a p r a c t i c a l  problem, con- 
s i d e r  {MI t o  be the  c o l l o c a t i o n  p o i n t s  (pane l  p o i n t s )  of  a v e h i c l e  
and [YA] t o  be t h e  modal displacements  f o r  two modes. Gyros  are 
t o  be placed  a t  s t a t i o n s  x = -1. and 7. ( i . e . ,  I X Z } ) .  The modal 
s l o p e s  ( (21)  a r e  t o  be found a t  these s t a t i o n s .  
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Subrout ine  DIFF2 perfornis numerical d i f f e r e n t i a t i o n  assuming 
a d i p a r a b o l i c  f u n c t i o n  between kncwn p o i n t s .  A p a r a b o l i c  func t ion  
is used where only t h r e e  p o i n t s  are mi ! i l ab le .  A d i p a r a b o l i c  
func t ion  i s  obta ined  from t h e  weighted average of t w o  ad jacen t  
parabolas  and w i l l  b e  expla ined  la ter .  The x and y c o o r d h a t e s  
of t h e  known p o i n t s  are g iven  by t h e  e lements  of {MI and t h e  cor- 
responding e lements  i n  a column of [ Y A ] ,  r e s p e c t i v e l y .  I -RCII  column 
of [ Y A ]  g i v e s  t h e  y coord ina te s  of a d i f f e r e n t  se t  of p o i n t s .  
Der iva t ives  ar, c a l c u l a t e d  a t  s e l e c t e d  x coord ina te s  which are 
g iven  by t he  e lements  of  { X Z } .  These d e r i v a t i v e s  a r e  p laced  i n  
[ Z ] .  Each column of [ Z ]  has  d e r i v a t i v e s  of t h e  r e s p e c t i v e  column 
of [YA]. D i f f e r e n t i a t i o n  of an  e x t r a p o l a t e d  p a r a b o l i c  func t ion  
is  performed when any element  of { X Z I  exceeds t h e  l i m i t s  of  {MI. 

DERIVATION OF TECHNIQUE 

The d i p a r a b o l i c  d i f f e r e n t i a t i o n  procedure i s  ob ta ined  as f o l -  
lows. Because t h i s  procedure i s  dependent upon us ing  pa rabo las ,  
t h e  parabola  w i l l  be  cons idered  f i r s t .  Given t h e  x,y coord ina te s  
of p o i n t s  1, 2, and 3, a pa rabo la  Fs t o  be f i t t e d  to t h e s e  po in t s .  

The equa t ion  for a pa rabo la  wi,:h a x i s  p a r a l l e l  t o  t h e  y ax i s  is 

y(x)  = Ax2 + Bx + c 

or 

where 

x - x 1  

x2 - H =  

o r  
x - x2 

H =  
2 x - x  3 



is used f o r  ease i n  la ter  a l g e b r a i c  c a l c u l a t i o n s .  The c o e f f i c i e n t s  
a, b, and c can be determined because x (or  H).  and y coord ina tes  
a t  poi.its 1, 2, and 3 are known. That  is, 

H: H1 3 

H; H, 1 

H? 
, 3  "3 1 

from which 

where 

For a given set of p o i n t s  as shown below, a p a r a b o l i c  f u n c t i o n  
is used t o  t h e  l e f t  of p o i n t  1 and between p o i n t s  1 and 2 .  Also 
a p a r a b o l i c  f u n c t i o n  is used t o  t h e  r i g h t  of t h e  l as t  point n 
and between p o i n t s  n-1 and n. Diparabol ic  f u n c t i o n s  are used 
between a l l  o t h e r  p o i n t s .  



Bay 1 (and t o  the left of point 11 

Y 

1 P 
I I x 

"k 

The Aerivative dyldx a t  xk i s  calculated using the  chain rule for 

d i f ferent iat ion.  That is, 

&-&dH - 
dx dH dx 

From Equation (31, 
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. 
Equat ions (4a,b,c)  Fo r t r an  Coding* 

x XA(m) m 
YA(m) * 
H 

y ,  

Hk 

‘k X Z ( K )  

Z ( K j  * 

and from Equetion ( la) ,  

m = 1, 2 ,  3 

m = 1, 2 ,  3 

t h e r e f  o r e  

Also,  from Equation ( l a ) ,  

(4a! Hk = (5 - x1)/(x2 - ’1) 

= (x1  - x*)/(x2 - x1) = O 

H, = e 2  - Xl)/(X2 - x1) = 1 

H3 = p3 - x1)/(x2 - xl) 5 D. (4b)  

Using these  express ions  w i t h  Equat ions (2) and (4), t h e  f i n a l  
r e s u l t  is obta ined  as 

The fo l lowing  t a b l e  gives t h e  c o r r e l a t i o n  between t h e  nomen- 
c l a t u r e  of Equations (4a, b ,  C> and t h a t  used i n  t h e  F o r t r a n  coding 
i n  t h e  sub rou t ine .  

“Subscr ipt  j, denot ing d i f f e r e n t  s e t s  of 
p o i n t s ,  has  been omit ted f o r  c l a r i t y .  



- I n t e r i o r  Bay i - l  

The  d e r i v a t i v e  dy/dx a t  x is  found as f o l l m s .  A d i p a r a b o l i c  

func t ion  i n  bay i-1 of t h e  above sketcl i  is cb ta ined  a s  the weighted 
average of pa rabo la s  A and I $ .  'l'hat is 

k 

where 
x - x  

H --- 
x - x  

i-1 

i i-1 

as i n  e i t h e r  Equations ( la) o r  (Ib). 

(6a) 

For parabola A: Hi-2 = - xi-l)/(xi - x  i-1) ' (6b) 

Hj- . l  - (xi-2 - X i - l ) / ( X i  - xi-1) - 
"1 - r i  - X i - l ) / ( X i  - x  i-1) = 1. 

From Equations (2) and (31, 
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where 

l/C(l-c) - (1+C) /c -c/ (1-C) 

0 1 0 

where 

Substituting these expressions for y and y in to  Equation ( 5 )  
gives 

A B 



where 
C - D  D - C  -1 

c(1-c) CD (1-C) ( 1-D) D (1-D) 

-2 2 D  - C 1-2D + C 

[*I = 

dx 

The derivative dy/dx a t  \ is calculated using the chain rule  for  

d i f ferent iat ion.  That is, 

2 ! Y =  

"k 

From Equation (71, 

Yi-2 

.!& = [3H2 2H 1 01 [ d ~ ]  dH 

I - Y i + l -  

and from Equation (64 
1 

i i-1 
- dH 

dx x - X  
- -  

1 -- 
x - x  i i-1 2Hk 1 



The following table gives the correlation between the nomen- 
clature of Equations (6a, b, c and a) and that used i n  the Fortran 
coding in the subroutine. 

Cquations (6a,b,c and 8 )  

X i -m 

Yi-m 

Hk 

k X 

* 
dx 

Fortran Coding* 

m = 2, 1 ,  0, - I  

m = 2, '1. 0, - I  

*Subscript j, denoting different sets of points, 
has been omitted for clarity. 

Bay n-1 (and to the right of point n) 1 n\ ~~2 
X 

"k 
The derivative dy/dx at \ is calculated using the chair, rule for 

differentiation. That is, 

* = & E .  
dx dH dx 

From Equation (3) 
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Equat ions (9a,b,c) F o r t r a n  Coding* 

X XA(NXA-m) n-m 

"n-m 

Hk 

Xk 

YA(NXA-m) * 
H 

xz (K) 

Z (K) * 
J 'k 

tl 

and from Equation (lb), 

m = 0,  1, 2 

m = 0, 1, 2 

1 

n n-1 
- dH 

dx x - X  
- -  

theref ore 

Also, from Equation (lb), 

Using t h e s e  express ions  w i t h  Equat ions (2) and (91, t h e  f i n a l  
r e s u l t  is  obta ined  as 
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E W P L E  

Consider t h e  fo l lowing  two sets of p o i n t s  denoted by (1) anu 

10 

8 

6 

4 
2 

-2 .~ - 90 100 110 

-4 (2) 

-6 

The c o o r d i n a t e s  of t h e  p o i n t s  are given by 

{XA)  = 11 
110. 

and 

1. 

[YA] = 1: 
5 .  

-2. :'I. 2. 

{XA) g i v e s  t h e  x coord ina te s  of t h e  p o i n t s  i n  both se t s  (1) and 
(2 ) .  Column 1 of [YA] g i v e s  t h e  y coord ina te s  of  t h e  p o i n t s  i n  
set (1) and column 2 of [YA] g i v e s  t h e  y coord ina te s  of t h e  p o i n t s  
i n  set (2).  D e r i v a t i v e s  are wanted a t  x = 5 . ,  x = loo. ,  and 
x = 6 5 . ,  t h a t  is, a t  

A t  x = 5 . .  d e r i v a t i v e s  of dyldx = 0.1333 and dyldx = -0.08333 are 
c a l c u l a t e d  from columns 1 and 2 of [YA], r e s p e c t i v e l y ,  u s ing  rows 
1, 2, and 3 of { X A )  and [YA]. A t  x = 100.. d e r i v a t i v e s  of dyldx 
= -0.2333 and dyldx = 0.0666 are c a l c u l a t e d  from columns 1 and 2 
of  [YA], r e s p e c t i v e l y ,  u s ing  rows 3, 4 ,  and 5 of !XA] and ( Y A ] .  
A t  x = 6 5 . ,  d e r i v a t i v e s  of dyldx = 0.3083 and dyldx = 0.2354 arc 
c a l c u l a t e d  from columns 1 and 2 of [YA], r e s p e c t i v e l y ,  u s ing  
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rows 2 ,  3, 4 ,  and 5 of { X A )  and [YA]. The resul t  is 

0 . 1 3 3 3  -0 .08333 

[ Z ]  = [ -0 .2333 0.06661 
0 . 3 0 8 3  0 .2354 . 

T o  relAte t h i s  example problem to a pract ica l  problem, con- 
s i d e r  {XA) t o  b e  the  co l locat ion points (panel points) of a 
vehic le  and [YA] t o  be the modal displacements for  two modes. 
Gyros are to be placed a t  s ta t ions  x = 5 . ,  loo. ,  and 6 5 .  ( i . e . ,  
{XZ)). The modal slopes ( [ Z ] )  are t o  be found a t  these s ta t ions .  

REFERENCES 

Griffin, J.A. : "A Diparabollc Method of Four-Point Interpola- 
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Readers ' Forum, February 1961. 



DISA 

Subroutine DISA removes (disassembles) a matrix [ Z ]  from 
matrix [A]  starting at a designed row, column location (IKA, JCA, 
respectively) in [ A ) .  The 121 matrix must be within the row, 
column limits of [A].  In subscript notation, 

z = a  ij k!L 

where 

k = i + I R A - I  

R = j + JCA - 1 

NRZ i s  the  number of rows of [Z ] ,  and 

NCZ is the number of columns of [Zl. 

EXAMP LE 

Consider a matrix defined as 

Matrix [ZlZx3 is to be obtained from [A ]  starting at the 2,l loca- 
tion (IRA = 2 ,  JCA t l)  of [ A ] .  The result of this operation will 
be 

The matrix [A ]  remaias as originally defined. 



Subrout ine E I G N l  c a l c u l a t e s  t h e  e igenva lues  (proper  v a l u e s ,  
c h a r a c t e r i s t i c  r o o t s ,  l a t e n t  r o o t s )  and e igenvec to r s  (proper 
v e c t o r s ,  c h a r a c t e r i s t i c  v e c t o r s ,  l a t e n t  v e c t o r s )  of a real  sym- 
metric m a t r i x  using a method of C. G. J .  J a c o b i .  T h e  e igenva lue  
problem can b e  expressed as 

where 

[A] is a real symmetric m a t r i x  of o rde r  N ,  

[ @ I  is a m a t r i x  whose columns are t h e  e igenvec to r s  of 
Equation (11, 

f X 3 is a d iagona l  matrix whose elements are t h e  co r re -  
sponding e igenva lues .  

This method d i a g o n a l i z e s  ma t r ix  [A] by s u c c e s s i v e  k l ane  ro t a -  
t i o n s  and l e a d s  s imultaneously t o  a l l  e igenva lues  and e igenvec to r s .  
T h e o r e t i c a l l y ,  a n  i n f i n i t e  number of p l a n e  r o t a t i o n s  are necessary 
t o  produce t h e  d i a g o n a l  form w i t h  a l l  off-diagonal  e lements  equa i  
t o  zero.  P r a c t i c a l l y  t h e  number of p l ane  r o t a t i o n s  is l i m i t e d  t o  
a f i n i t e  number by s topp ing  t h e  p rocess  when t h e  off-diagonal  ele- 
ments are less than a p r e s c r i b e d  va lue .  Th i s  p re sc r ibed  v a l u e  
(det3oted as FOD i n  t h e  sub rou t ine )  may be  s e l e c t e d  and inpu t  by 
t h e  a n a l y s t  o r  a t  t h e  a n a l y s t ' s  o p t i o n  c a l c u l a t e d  i n  t h e  sub- 
r o u t i n e  as a c o n s t a n t  t i m e s  t h e  trace (sum of t h e  d i agona l  ele- 
ments) of [A ] .  

A th re sho ld  v e r s i o n  is used. That is ,  each off-diagonal  ele- 
ment of [A]  is compared i n  r e g u l a r  sequence wi th  a th re sho ld  
va lue  and a p l ane  r o t a t i o n  performed only i f  i t s  magnitude ex- 
ceeds t h e  th re sho ld  va lue .  This is done t o  g i v e  f a s t e r  conver- 
gence t o  t h e  d i agona l  form. 
h a l f  need be  examined. The t h re sho ld  v a l u e  is iowered whenever 
t h e r e  are no remaining off-diagonal  elements w i t h  magnitudes 
l a r g e r  than t h e  th re sho ld .  The lowering of t h e  t h r e s h o l d  is con- 
t i nued  u n t i l  t h e  t h r e s h o l d  is less than a p r e s c r i b e d  v a l u e  (FOD). 

S ince  [A]  is symmetric only t h e  upper 

The i n i t i a l  t h re sho ld  v a l u e  i n  t h e  s u b r o u t i n e  is ob ta ined  by 
d i v i d i n g  t h e  maximum of f -d i agona l  element 0.5 [ A ]  by 1 0 -  Sub- 
sequent  r e d u c t i o n s  i n  t h e  th re sho ld  v a l u e  a l e  accomplished by 
d i v i d i n g  the  th re sho ld  v a l u e  ..y 10  also. 



EIGN1--2/8 

The th re sho ld  v e r s i o n  is t h e  f a s t e s t  v e r s i o n  of J a c o b i ' s  
method (Reference 2) .  

An important f e a t u r e  of t h e  J a c o b i  method is t h a t  equal  
e igenva lues  and t h e  corresponding e igenvec to r s  are eas i ly  cal- 
c u l a t e d  wi th  no change i n  t h e  a lgo r i thm,  

DESCRIPTION OF TECHNIOUE 

Assume t h a t  a n  Nth  o r d e r  matrix [TI e x i s t s  t h a t  is ortho-  
T normal t h a t  is, ([TI [TI  = [I]) such t h a t  

where r D 3 is a d iagona l  m a t r i x  and [A] is t h e  o r i g i n a l  matrix. 
P remul t ip ly  Equation (2) by [ T I  t o  g i v e  

Comparing Equations (1) and (3) i t  is s e e n  t h a t  i f  t h e  ma t r ix  [TI 
can be  found which t ransforms a r ea l  symmetric ma t r ix  [A] i n t o  a 

d i agona l  m a t r i x  r D J ,  t hen  t h e  ith diagona l  element of r D J is 

t h e  ith eigenvalue of [A], and t h e  ith column of [TI i s  the i 
e igenvec to r  of [A].  

t h  

The orthonormal ma t r ix  [ T I  is b u i l t  i n  s t epwise  f a s h i o n  us ing  
elementary orthonormal t r ans fo rma t ions  [TI t o  a n n i h i l a t e ,  i n  t u r n ,  

s i L c t e d  o f f -d i agona l  elements of [A]. That is, s t a r t i n g  w i t h  t h e  
{iiven m a t r i x  [A], o p e r a t e  as fo l lows ,  

k 

m 

. e . . . . . . . .  

'p 
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so t h a t  

Comparing Equation (4) w i t h  Equation (21, t h e  [ T I  m u s t  be  chosen 

so t h a t  t h e  t r i p l e  ma t r ix  product  result  [A] converges t o  

r D ] = [ X 1 and t h e  cont inued product  [TI1 [TIZ ... [TIk  con- 

ve rges  t o  [TI = [$].  The most important  proper ty  of [ T I  i s  t h a t  

each t r i p l e  m a t r i x  product  ( r o t a t i o n )  w i t h  [A] i n  Equation (4)  

causes  a p a r t i c u l a r  of f -d iagonal  element i n  [A]  t o  vanish .  As 

mentioned be fo re ,  an  o f f -d i agona l  element of [A]k-r is picked f o r  

e l i m i n a t i o n  i f  i t  exceeds a th re sho ld  v a l u e  and is r e f e r r e d  t o  as 
t h e  p ivot  element.  I f  t h e  p, q element of [A] meets t h e  cri-  

teria,  then  t h e  t r ans fo rma t ion  ma t r ix  used is 

k 

k 

k 

k- 1 
k- 1 

k- 1 

P 9 

which is orthonormal.  For s i m p l e r  n o t a t i o n ,  C 1 cos  0 ,  and 
S -: sin 8 has been  used. 
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'11 l q  =13 + ?qC '15 alpC + a S 

A p 3 c  + aq3s 
- a )CS + a (c-' - si) ap5C + aq5S app@ + 2a cs i a S- 19 PP P9 aplC + aqlS 

P< q9 

a31 3P 39 "33 -a3Ps + "3qC a35 

'51 a5PC + a 5q a53 + a5qC '55 

a C + a  S 

(aqq - aPp)cs  + apq (I? - s*) -aP5s + aq5c -aPls + aq1c -ap,s + aq3c a S: - 23 cs + a C' 
PP P9 qq 

I 

The v a l u e  of 0 is c a l c u l a t e d  as shown i n  t h e  fol lowing ex- 
ample.  
used, b u t  t h e  r e s u l t s  may b e  app l i ed  t o  any s i z e  s y s t u n  w i t h  any 
p ivot  l o c a t i o n  p, Q. 

A s y s t a  of order  5 with p ivo t  l o c a t i o n  p = 2, q = 4 is 

MIk - [TI': L41k-1 [TI, 

( 6 )  

a3p "33 .3q '35 

=q1 =qp aq3 aqq aq5 

a51 '5p '53 '5q '55 

where u s e  is made of t h e  symmetry property a = a . 4s can be  

seen ,  only t h e  p, q rows and columns of [A] are a l t e r e d  i n  
c a l c u l a t i n g  [A] 

Pq qP 
k- 1 

k' 
S e t t i n g  t h e  p ivo t  element p,  q of [AIk t o  zero g i v e s  

- s i n  0 cos 0 
(aPP 

a (cos2 e - s i n 2  e )  = 
Pq 

from which 

2a 
t a n  0 = 

2 + 4a2 
(aPP - d ( a P P  - aqq) P4 

The s i g n  used wi th  t h e  r a d i c a l  is t h e  same a3 t h e  s i g n  of 
Th i s  is done t o  avoid small d i f f e r e n c e s  of l a r g e  

(aPP - aqq) 
numb er s . 

( 7 )  



EIGN1-- 5/ 8 

Using t r igonomet r i c  i d e n t i t i e s  Rives  

cos 0 = l / ~ i T Z l  

and 

s i n  0 = t a n  u cos rj 

as t h e  va lues  to  u5e i n  Equat ion ( 6 )  t o  se t  a = 0. 
P4 

? t  should be obvious t h a t  even though the  p ivo t  element has  
been reduced t o  zero  by one r o t a t i o n ,  i t  may t ake  on a non-zero 
va lue  i n  some l a t e r  r o t a t i o n .  A r o t a c i o n  g i v e s  a s t e p  t o w  rd  t h e  
d iagonal  form because t h e  sum of t h e  squa res  of t h e  of f -d iagonal  
e lements  of [ A I k  i s  less than  t h a t  of [ A ]  by t h e  amount Za;! . 
The importance of t h e  th re sho ld  ve r s ion  is re-emphasized i n  t h a t  
small va lues  ( r e l a t i v e l y )  of t h e  of f -d iagonal  e lements  of [ A ]  a r e  
not  used f o r  p i v o t  e lements .  Proof of convergence is i n  t h e  
l i t e r a t u r e  (References 2 and 3) and will not  be g iven  he re .  

k- 1 P4 

As mentioned be fo re ,  t he  cont inued product  [ T I 1  [TI 2 ' * '  IT1k 
converges t o  t h e  e igenvec to r s  [ G I .  Thus, [{.Ik would b e  calculat .?d 

L *E 



f o r  ou r  p rev icus  example of a system of o r d e r  5 and p i v o t  l o c a t i o n  
p = 2 ,  q = 4. As can be seen ,  only t h e  p ,  q coiumns of [ S i ]  a r e  

a l t e r e d  i n  c a l c u l a t i n g  [4Ik. 
R- 1 

The r e s u l t i n g  e igenva lues  snd e igenvec to r s  can be checked a- 
T follows. Pos t  mu l t ip ly ing  Equation (1) by [It] g i v e s  

because t h e  e igenvec to r s  are orthonormal.  Therefore ,  t o  check t h e  

r e s u l t s ,  perform t h e  t r i p l e  matrix product  [ $ I  [ X 1 [ a ]  and com- 
p a r e  zith t h e  o r i g i n a l  [A ] .  

T 
This  o p e r a t i o n  i s  n o t  performed i n  t h e  

sub rou t ine .  

EXAMPLE 

Consider [ A ]  = 

1.0 -116 1. 
- 

1.5 -1IEi -.5 

(sym) 1 .5  - 
F i r s t  p ivot :  p = 1, q = 2 

= -IC apq = a12 

= 1.5 

a = a = 1.0 

app = all 

99 22 
From Equations ( 7 ) ,  ( 8 ) ,  and (9) 

t a n  e = -I/&! 

COS e = J2/3 

s i n  o = -116 

From Equations (6)  and (lo), t h e  results of t h e  f j r s t  p i v o t  
are 



EIGh. --718 

and 

4/43 ,573 L 0. 0. . 
Second pivot: F = 2, q = 3 

= - 4 3 2  apq = a23 

a =  = 1.5 
qq “33 

From Equations ( 7 ) ,  (8), and (9) 

tan e = 1/J5 

cos (r = v T i 2  

From Equations (6) and (lo), the results of the second pivot 
are 

and 

. 5  --- 
1 
f i G  

J? . 5  - - -:I 2 ’  

The diagonal elements of the [ A I 2  are the eigenvalues qnd the 
volumns of [ + I 2  are the corresponding eigenvectors. 
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Subrout ine  ELCNlA c a l c u l a t e s  t h e  e igenvalues  (proper  v a l u e s ,  
c h a r a c t e r i s t i c  r o c t s ,  l a t e n t  r o o t s )  and e igenvec to r s  (proper  
vec to r s ,  cha rac t e r i s t -Lc  v e c t o r s ,  l a t en t  v e c t o r s )  of a real sym- 
metric ma t r ix  us ing  z. method of  C .  G .  J. Jacob i .  Th i s  sub rou t ine  
is a mod i f i ca t ion  of Subrout ine  EICNl and uses  a convergence 
t o l e r a n c e  on X i n s t e a d  of  a f i n a l  o f f -d iagonal  va lue  t o  t e rmina te  
t h e  s o l u t i o n .  The e igenvalue  problem can b e  expressed as 

where 

[A] = a real symmetric ma t r ix  of o r d e r  N; 

[ @ I  = a mat r ix  whose columns are t h e  e igenvec to r s  of Eq [l]; 

r h J  = a d iagona l  ma t r ix  whose elements  are t h e  corresponding 
e igenvalues .  

T h i s  method d i agona l i zes  ma t r ix  [ A ]  by success ive  ; l ane  r o t a t i o n s  
and l e a d s  s imul taneous ly  t o  a l l  e igenvalues  and e igenvec tors .  
T h e o r e t i c a l l y ,  an  i n f i n i t e  number of  p l ane  r o t a t i o n s  a r e  necessary  
co produce t h e  d iagonal  form wi th  a l l  of f -d iagonal  e lements  equal  
t o  zero. P r a c t i c a l l y ,  t h e  number o f  p l ane  r o t a t i o n s  i s  l i m i t e d  t o  
a f i n i t e  number by s topping  t h e  p rocess  when [Ai(k) - )< i (k- l ] /  

Xi(k), i = 1, N is less than  a presc r ibed  va lue  (k r e f e r s  t o  

p l a n e  r o t a t i o n  number). Th i s  p re sc r ibed  v a l u e  (denoted as CTVAL 
i n  t h e  sub rou t ine )  may b e  s e l e c t e d  and inpuc by t h e  a n a l y s t  or 
a t  t h e  a n a l y s t ' s  o p t i o n  determined i n  t h e  sub rou t ine .  

A t h re sho ld  v e r s i o n  is used, t h a t  is, each of f -d iagonal  element 
of [A] is compared i n  r e g u l a r  sequence wi th  a th re sho ld  v a l u e  
and a p l ane  r o t a t i o n  performed only  i f  its magnitude exceeds t h e  
th re sho ld  va lue .  i ' n i s  is done to  g i v e  f a s t e r  convergence t o  t h e  
d i agona l  form. Because [ A ]  is symmetric, only t h e  upper h a l f  
needs b e  examined. The th re sho ld  va lue  is lowered whenever there 
are no remaining of f -d iagonal  e lements  wi th  magnitxdes l a r g e r  than 
t h e  th re sho ld .  

The i n i t i a l  t h re sho ld  v a l u e  i n  t h e  sub rou t ine  is ob ta ined  by d iv id-  
i n g  t h e  maximum of f -d i agona l  element of [ A ]  by 10. Subsequent 
r educ t ions  i n  t b  t h r e s h o l i  v a l u e  are accomplished by d i v i d i n g  t h e  
th re sho ld  v a l u e  by 10 a l s o ,  

The th re sho ld  v e r s i o n  is t h e  fastest  v e r s i o n  of J a c o b i ' s  meLhod 
(Kef 2 ) .  

An important  f e a t u r e  of' t h e  Jacob i  method is t h a t  equal e lgenvalues  
and t h e  corresponding e lgenvec torv  are eas i ly  c a l c u l a t e d  wi th  no 
change i n  t h e  a lgor i thm.  
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DESCRIPTION OF TECHNIQUE 

Assume t h a t  an  Nth o rde r  ma t r ix  [TI  e x i s t s  t h a t  i n  or thonormal ,  

t h a t  is, ( [TI  [TI = [I]) such t h a i  T 

where IDJ is a d iagonal  ma t r ix  and [A] is t h e  o r i g i n a l  mat r ix .  
Premult iply Eq (21 by [TI t o  g i v e  

Comparing EQ [l] and [3 ] ,  i t  is seen  t h a t  i f  ma t r ix  [TI can be  
found which t ransforms a real symmetric ma t r ix  [A] i n t o  a d iagonal  

ma t r ix  WJ, then  t h e  ith diagonal  element of IDJ i s  t h e  ith eigen-  

va lue  of [A],  and t h e  ith column of [TI  is t h e  ith eigenvec tor  of 
[AI .  

The orthonormal ma t r ix  [T) is b u i l t  i n  s t e p w i s e  fash ion  us ing  
elementary or thonormal  t ransformat ions  [TI  t o  a n n i h i l a t e ,  i n  

t u r n ,  s e l e c t e d  of f -d iagonal  elements of [A]; t h a t  is, s t a r t i n g  
k 

with  t h e  given ma t r ix  [A] ,  o p e r a t e  

= [AIO 

. . . . . . . 
m 

so t h a t  

Comparing Eq [ 4 ]  with  Eq 121, [TIk 

t r i p l e  matrix product  result, [AIk 

as fo l lows ,  

. . . [TIk = [AIk. 

must be  chosen so t h a t  t h e  

converges t o  rDJ = rA3 and t h e  

121 

131 

[4 1 

cont inued product [TI 

most important  proper ty  of [TI is  t h a t  each t r i p l e  ma t r ix  product  

( r o t a t i o n )  w i th  [A]  i n  Eq [4] causes a p a r t i c u l a r  of f -d iagonal  

element i n  [AI t  - , t o  vanish.  

[ T I 2  ... [TIk  converges t o  [TI = [ G I .  The 1 

k 

As mentioned be fo re ,  an of f -d iagonal  
k-1 
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- 
IT': '11 'lp '13 'lq '1s- 

'PI 'pp ',3 'pq 'ps 

'31 '3p '33 '3q '35 

=gl aqp 'q3 'gq b s  
'51 'Sp '53 '3q '55 

element of [AIk - 
hold va lue  and is r e f e r r e d  t o  as t h e  p i v o t  element.  
element of [A]k-l meets t h e  criteria, then  t h e  t r ans fo rma t ion  matrix 
used is 

is picked f o r  e l i m i n a t i o n  i f  i t  exceeds a t h r e s -  

I f  t h e  p,  q 

- ' I) 

-s 

1 

[TIk = 

P 

P5 q5 
a c + a s 

I1 IP h .13 -'ips + 'lqC 
a C + a  S - a  

p3 qJ 
(aqq - aPp)cs + aPq(ci - sL) a C + r  S a + a a ppC2 + 2. cs + a 52 

PC <q Pl ql 

a. >5 

r . C c r  S '33 -ajPS + a Jq C 
'3 i - 8  3q 

el ql pqq - app)cs + ap4 (c' - s Z )  -aP3s + a c . a 52 - 2a cs + a c2 - a  s + a  c qJ PP P4 49 

0 C + '  '53 -asps + q q c  
'51 SP 5.2 

which is orthonormal. 
Sz s i n  9 has been used. 

For s imple r  n o t a t i o n ,  Cf cos 0 ,  and 

The va lue  of 9 is c a l c u l a t e d  as shown i n  t h e  fol lowing example. 
A system of orde r  5 with p i v o t  l o c a t i o n  p = 2, q = 4 is used, 
b u t  t h e  r e s u l t s  may be a p p l i e d  t o  any s ize  system wi th  any p i v o t  
l o c a t i o n  p,  q. 
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where use  is made of t h e  symmetry p rope r ty  a = a As can 

b e  seen,  oq ly  t h e  p,  q rows and columns of [A]k,l are a l t e r e d  i n  
c a l c u l a t i n g  [AIk. 

S e t t i n g  t h e  p i v o t  element p ,  q of [A] 

a 

PQ QP. 

t o  zero g i v e s  k 
2 

PQ 44 
(cos2 t3 - s i n  0) = (alp - a sin 8 cos  e 

from which 

2a 
t a n e =  -a-, . 

The sign used wi th  t h e  r a d i c a l  is t h e  same as t h e  s i g n  of 
(a - a ). T h i s  is done to  avoid small d i f f e r e n c e s  of l a r g e  

numbers. 
pP qq 

Using t r i gonomet r i c  i d e n t i t i e s  g i v e s  

cos 0 = 1/ $--7--8 1 + tan 

and 

s i n  8 = tan 8 cos  8 

as t h e  values t o  use i n  Eq 16) t o  set a = 0. 
PQ 

I t  should  be  obvious t h a t  even though t h e  p i v o t  element has  been 
reduced t o  ze ro  by one r o t a t i o n ,  i t  may t a k e  on 3 nonzero v a l u e  
i n  some later r o t a t i o n .  
d i agona l  form because  t h e  sum of t h e  squa res  of t h e  of f -d iagonal  
elements of [AIk is less than  t h a t  of [ A I k  - 
Pa The importance of t h e  th re sho ld  v e r s i o n  is reemphasized 

i n  t h a t  small v a l u e s  ( r e l a t i v e l y )  of t h e  o f f -d i agona l  elements of 
(A ]  are not  used for p i v o t  elements.  
t h e  l i t e r a t u r e  (References 2 and 3) and w i l l  n o t  b e  g iven  he re .  

A r o t a t i o n  g i v e s  a s t e p  toward t h e  

by t h e  amount 

PQ 

Proof of convergence is i n  

A s  mentioned b e f o r e ,  t h e  continued product  [TI 

converges t o  t h e  e i g e n v e c t o r s  [@I .  
as 

[TI2  ... [TIk 1 
Thus, [QIk would b e  c a l c u l a t e d  

[71  
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ELGNlA - 5 /?  

f o r  our previous  example of a system of cade r  5 and p i v o t  l o c a t i o n  
p = 2, q = 1.. As can be seen ,  only t h e  p, q columns of [C]R-l are 
a l t e r e d  in c a l c u l a t i n g  (51 

The r e s u l t i n g  e igenvalues  and e igenvec to r s  can be checked as 

fol lows.  

k' 

Postmul t ip ly ing  Eq [l] by [ @ I  T g ives  

[AI = Io1 CXJ [@IT 

r e s u l t s ,  perform the t r i p l e  ma t r ix  product  101 rXJ [ @ I  T and com- 

[111 
because the  e igenvec tors  are orthonormal.  

p a r e  wi th  the original [A]. 

Therefore ,  t o  check t h e  

This  ope ra t ion  is n o t  performed i n  
t h e  subrout ine .  

Examp le 

Consider [A] = 
- - 
1.5 -1Ia -0.5 

1.0 -11 Jz 
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First pivot: p = 1, q = 27 

a = aI2 = -1.115 
PP 

5 1.5 

= 1.0 
app -- all 

= a22 

tan 8 = -1/a 

cos e = 6 1 7  

sin 0 = -1/E 

From Eq 171, [81, and [91 

From Eq [61 and [lo], the results of the first pivot are 

[AI1 = 

and 

- 
2. 0. 0 .  

0.5 -a 

c 

. 
Second pivot: p = 2, ] = 3 

= -m apq = ‘23 
a = a22 = 0.5 
PP 

aqq = %3 = 1.5 

From Eq [7 ] ,  [81, and (91 

tan 0 = 1 / 6  

cos 9 = m 
s i n  0 = 0.5 
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From Eq [6] and [lo], the r e s u l t s  of the second pivot are 
- 

and 

[@I2 = m 0.5 

1 - [. 0. 43 0.5 v 5  

The diagonal elements of the [A] are the eigenvalues and the 2 
columns of [@I2 are the corresponding eigenvectors. 
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Subrout ine FR1 c a l c u l a t e s  t h e  frequency response { X ( W ) }  froni 
t h e  fol lowing d i f f e r e n t i a l  equa t ion  expressed i n  t h e  frequency 
domain: 

Ma t r i ces  [ A ] ,  [B], [C], and [D] are i n p u t  d i r e c t l y  t o  t h i s  sub- 
r o u t i n e  along wi th  a set of v a l u e s  of W .  For a s t r u c t u r a l  prob- 
l e m ,  [ A ]  is  t h e  mass ma t r ix ,  [ B ]  t h e  damping m a t r i x ,  [C] t h e  
s t i f f n e s s  ma t r ix ,  and [ D ]  i s  t h e  t r anspose  of the v i b r a t i o n  mode 
shapes or a u n i t y  ma t r ix  depending on whether t h e  equa t ions  are a 
modal o r  d i s c r e t e  r e p r e s e n t a t i o n  of t h e  s t r u c t u r e .  The f o r c e  
CF(u) 1, assumed real ,  i s  c a l c u l a t e d  i n t e r n a l l y  i n  t h e  s u b r o u t i n e  
using l i n e a r  i n t e r p o l a t i o n  with [TABW] and [TAUFl which are both 
i n p u t  t o  the  sub rou t ine .  As an i l l u s t r a t i o n  of t h e  use  of [TAUW] 
and [TABF] c o n s i d e r  t h e  fo l lowing  example: 

I ) W  
G 5 10 15 20 

" O r f '  .5 
I 

L )W 
O O  5 10 15 20 

The t a b l e  (A t a b l e  i s  de f ined  i n  t h i s  r e p o r t  as a ma t r ix  t h a t  
may have incomplete column d a t a  i n  some rows.) g i v i n g  t h e  independ- 
e n t  v a r i a b l e  coord ina te  w is 

5. 10.  15. . 1 ! 

[TABW] = 0. 20. L 
[ . 5  1. .J .  

The t a b l e  g iv ing  t h e  corresponding c o o r d i n a t e s  of t h e  dependent 
v a r i a b l e  F is 

[TABF] = 2. 2. 
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The following values for IF(cr;)) will be obtained by linear inter- 
polation at w = 7. 

DESCRIPTION OF TECHNIQUE 

First, consider the inversion of a complex matrix. Let ([GI 
+ i[H]) be the original matrix expressed as a complex matrix in 
terms of two real matrices [GI and [HI. The product of a matrix 
with its inverse (assumed to be ([E] + i[H])) is, by definition, 
uni ty ; thus 

( [ E ]  + i[i])([G] + i[H]) = [:][GI - [H][H] 4- i([E][G] + [E][H]) [I] + i[O] (2)  

or, equating real and imaginary parts, 

Two approaches now exist for the solution. From Equation (2b), 

either [E] = -[E] [HI [GI” (assumes [GI is nonsingular), 

or [<I = -[%I [GI [H]-l (assumes [HJ is nonsingular). 

(3a) 

(3b) 

Inspection of Equation (1) shows that 

[GI = -[C] - 02[A] 
and [HI = w[B] .  

Because many values of o can make [GI singular (and also ill-con- 
ditioned such that the inverse is bad), it was decided to use 
Equation (3b) which then requires the damping matrix [B] to be 
nonsingular. Substituting Equation (3b) into (2a) yields 

[Til = -([GIIH]‘l[Gl + [HI):1 (3c) 

To eliminate having to do the triple matrix product. [G][H]’l[G] for 
every value of  w ,  Equation (1) is modified so that [HI = w[I]. T l i i s  
is done by premultiplying by [B]-] so that 

(-u’[B]-~[AI + iw[I] + [B‘J-’(C]){X(w)} = [B]-’[D]iF(o,)l. ( l a )  
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where 

[CJ = - - [Til [GI 

[HI = - w ( [ G I 2  + w2[I])" 
w 

and [ G I  = [B]'l[C] - w~[B]-~[A]. 

( 4 c )  

( 4 d )  

( 4e )  
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Subrout ine FRAEl c a l c u l a t e s  frequency response a d d i t i o n a l  
equa t ions .  That is, 

where {X(w)} is  t h e  complex response p rev ious ly  c a l c u l a t e d  and 
w r i t t e n  on tape i n  frequency response s u b r o u t i n e  FR1. That t a p e  
is read  i n  t h i s  s u b r o u t i n e  FRAEl t o  c a l c u l a t e  i Z ( w ) l .  

I f  {X(w)) is t h e  response c a l c u l a t e d  from a modal r ep resen ta -  
t ior ,  af t h e  s t r u c t u r e ,  then [A]  would be t h e  mode shapes s o  t h a t  
Equation (1) would then g i v e  I Z ( w ) }  as t h e  response of t he  dis- 
crete s y s t e m .  { Z ( w l }  w i l l  a l s o  be com:;:ex. IZ(w)1 is p r i n t e d  f o r  
every w va lue  of  {X(w)l from t a p e  NXrAPE and a l s o  w r i t t e n  on t a p e  
NZTiiPE f o r  any subsequen.t use.  
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Subrout ine INTAPE i n i t i a l i z e s  a rape ( d i s k  is p r e f e r r e d ,  see 
wr i teup  of Subrout ine  WTAPE) f o r  t h e  FORMA t a p e  s y s t e m  by w r i t i n g  
EOT (end of tape)  a t  t h e  beginning of t h e  t a p e  ( d i s k ) .  A i l  F O R M  
t a p e  s u b r o u t i n e s  recognize t h i s  EOT as b e i n g  t h e  end of w r i t t e n  
da ta .  Each %ew" tape. ( d i s k )  must b e  i n i t i a l i z e d  w i t h  t h i s  Sub- 
r o u t i n e  INTAPE t o  make t h e  tape  (d isk)  compatible  wi th  the  o t h e r  
FORMA t a p e  s u b r o u t i n e s  (LTAPE, KTAPE, WTAPE, and UPDATE). 

A "new" t a p e  (disk) is def ined  as a t a p e  ( d i s k )  f o r  which i t  
i s  d e s i r e d  t o  s t z r t  w r i t i n g  niatr ix  d a t a  a t  t h e  f r o n t  of t h e  tape  
(disk). Thus, D "new" t a p e  (d isk)  could be one wi th  o b s o l e t e  
FORMA m a t r i x  data on '.t as w e l l  as one t h a t  h a s  never been wrii-ten 
on by t h e  FOP!U system. 

As an example, p e r t i n e n t  statements from a program c o n t a i n i n g  
INTAPE could be: 

DATA NIT,NOT/5,6/ 

NRTAPE = 1 0  
READ (NIT,1001) IF INIT ,  TAPEID 
I F  (IFINIT .EQ. GHINITIL) CALL INTAPE(NRTAE'E,TAPEID) 

1001 FORMAT (12A6) 

. 
The i n p u t  d a t a  ( s t a r t i n g  i n  cerd  column 1 )  t o  t h i s  example 

program would be: 

e i t h e r  INITILTXXXX, i f  t h e  t a p e  i s  t o  be i n i t i a l i z e d .  
(TXXXX r e p r e s e n t s  t h e  particu?,crr t a p e  number 
used, e . g . ,  T1234);  

'E;OIIJIT, i f  t h e  !ape is not t o  be i n i t i a l i z e d .  
The t a p e  i d e n t i f i c a t i o n  is n o t  needed. 



i N V 1  

Subrout ine IN'I1 i n v e r t s  a ma t r ix  by t h e  bv rde r ing  mrtliod ( R e f  
1 ) .  I n  m a t r i x  n o t a t i o n ,  t h e  i n v e r s i o n  is  rep resen ted  b y  

where 

[ A ]  i s  t h e  m a t r i x  t o  be i n v e r t e d ,  

[Z] i s  t h e  resalt ,  and 

N i s  t h e  s i z e  of t h e  matrices. 

Matrix [ A ]  may be nonsymmetric. The determinant  r a t i o s  of  [ A ]  are  
a l s o  c a l c u l a t e d  and p r i n t e d .  The determinant  of [ A ]  is  t h e  preduct  
of t h e s e  determinant  r a t i o s .  

An b:Jcrsion check, [ Z ]  [ A ] ,  is  c a l c u l a t e d  (The product  should 
be a u n i t y  ma t r ix . )  and a summary of t h e s e  results is p r i n t e d .  

REFERENCE 

1. Bodewig, E .  : Matri;: CaLcuhs, North Holland Pub l i sh ing  Cow 
p a y ,  Amsterdam, 1959. 



Subroutine I N V 2  inverts a matrix by the rank annihilation 
method (Ref 1). In rdtr ix  notation, the inversion is  represented 
by 

where 

[A]  is the matrix to be  inverted, 

[Z] i s  the resui t ,  and 

N is the s i z e  of t h e  matrices. 

Matrix [A] may b- nonsymmetric. 

An inversco . dc, !2] LA], is  calculated (The product shauld 
be  a unity matrix.) and a suamary of these resu l t s  is printed. 

REFEREKC5 
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Subroutine I N V 3  inverts a symmetric matrix using triangular 
decomposition and triangular inversion. In matrix notation, the 
inversion is represented by 

where 

[A] is the symmetric matrix to be inverted, 

[Z] is the result (also symnietri-), and 

N is the size of the matrices. 

In addition to being symmetric, matrix [A]  should be positive 
deffnite. Because symmetry is assumed, only the upper half of 
[A] will be used to calculate [ Z ]  which is also symmetric. The 
deternfczxx ratics of [A] are also calculated and printed. The 
determinant of [A) is the product of these determinant ratios. 

An inversion check, [ Z ]  [ A ] ,  is calculatea (ihe product should 
be a unity matrix.) and a summary of these results is printed. 
Only the upper half of [A! is used to calculate [ Z ] ,  but all of 
[A] (acd [ Z ] )  is used in the inversion check. Thus, errors in 
the inversion check can result from a nonsymmetric [A] as well as 
from a poor inversion. 

DESCRIPTION OF TECHNIQUE 

The first operation in the inversLon of [ A ]  is to drcompose 
[A] (reference Subroutine DCIIM1) into triangular factors, that 
is, 

where [VI is an upper triangular matrix. Then 

[ Z ]  = [A]-’ 

= ([UIT [ul)-’ 

= [Ul-’ ([UlT)-l 

The inversion of the upper triangular matrix, [VI, is calculated 
by Subroutine I N V 4 .  



Subroutine I N V 4  inverts an upper triangular matrix. In matrix 
notation the iaversion is represented by 

where 

[A]  is the upper triangular matrix to be inverted, 
[Z] is the result (also upper triangular), and 
N is the size of the matrices. 

An inversion check is not calculated. 

DESCRIPTION OF TECHNIQUE 

That [Z] is upper trisngular if [A ]  is upper triangular is 
easily demonstrated by thu, following example. From [A]  [Z ]  = [I], 

Preforming the matrix product and equating like elements gives 

(3,l element) a33 231 = 

Because a33 # 0, :. 231 = 0. 

(3%2 element:! a33 =32 = 

Because a33 # 0 :. 232 = 0. 

(2,l element) a22 221 f a13 731 = 0 

Because 231 = 0 and a22 0, :. 221 = 0. 
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The algorithm used to calculats [Z] is obtained by consider- 
ing the equation [A] ' [ Z ]  = [I] as shown below for size N = 4. 

all a12 a13 a14 212 213 214 

' 0 a22 a23 1' =22 223 224 

233 234 0 0 a33 a34 0 

0 0 0 a44 0 0 24  4 . 

i o 0 0  

0 0 1 0  

i 1 O 1  0 0 0 1 .  

By matrix multiplication 

Equating elements of the matrices on the left and right s i d e  of 
the equal sign gives 

212 = - a12 '222/a11 
211 a12 222 e -  

222 a23 233 = -  

234 = - a34 z441a33 
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From the above equalions, the algorithm for the ( i , j )  element of 
[Z] for size N is given in general as 

zii l/aii ' (i = 1 , N )  



LTAPE 

- Subroutine LTAPE lists t h e  matr ix  headings (see Subroutine WTAPE 
a d  YWTAPE writeups) w r i t t e n  on a FORMA t a p e  (or  d i sk ) .  These 
matrix headings were w r i t t e n  by Subroutines lJTAPE and YWTAPI: and 
cons i s t  of: 

NO. = Matrix number on tape,  

RUN NO. = Run number of problem when matr ix  w a s  wr i t t en  on tape,  

NAME = Matrix name; 

NROWS = Number of rows of matrix;  

NCOLS = Number of columns of matr ix;  

DATE = Date when ntatrix w a s  w r i t t e n  0x1 t a p e ;  

NNZ = Number of nonzeros (used only i n  sparse FOKMA when 
only nonzeros are used ) ;  

PARTITION = P a r t i t i o n  number of spa r se  matr ix .  



Subroutine MASS1 takes (on option) distributed class, distrib- 
uted rotary inertia, and concentrated mass items of a beam and 
replaces them with a mass matrix. The elements of the mass matrix 
are representative inertial values of the beam at selected points 
on the beam. These elements are calculated by assuming a linear 
function between pairs of the selected points to describe the 
beam’s lateral elastic deflection. 

The x-stations of the selected points (panel points) are 
given in { P P I .  These x-stations must be in increasing order. 

The distributed mass, m(x), is assumed to be piecewise linear 
and is represented by straight line segments as shown in Figure 1. 
The x-stations of the end points for the line segments giving the 
distributed mass are independent of the panel point x-stations. 
Howeve-, t he  distributed mass must be within the panel point lim- 
its. The line segments representing the distributed mass may or 
may not be joined and may overlap. The distributed mass is de- 
fined in [DMASS]. Each r w  of [DMASS] represents one nonvertical 
line segment. The form of each row of [DMASS] is [XI x2 ml m2] 
where x1, ml give the first end point and x2, mi give the second 
end point of a line segment. 

Figure 1 Distributed Mass 

The distriouted rotary inertia, r(x), is also assuned to be 
represented by straight line segments. 
ior distributed mass are applicable to distributsd rotary inertia. 
The distributed rotary inertia is defined irk [ D R T N ] .  
each row of [DRIN] is [xl x2 rl r?]. The end point stations XI  

acd x2 f o r  the rotary inertia line segments are indeperident from 
the end point stations xl and xz f o r  the mass line segments. 

A l l  statements used above 

The fom, of 
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The concentrated mass items are defined in [CONC]. Each row 
of [CONC] represents one concentrated msss item and contains: 

x the station at which the item is attached to the a’ 
beam; 
Mc, the mass of the item; 

x the center of gravity of the item; and 

Icg, the momert of inertia of the item about its own 
center of gravity. 

cg ’ 

C 

These four elements are given in the form x M x 

attachment station, x of an item to the beam must be within the 
panel point limits. 

Ice] . The I a c c g c  

a’ 

The calculated representative inertial values at the selected 
panel points are placed i n  a mass matrix given by [ Z ]  which is 
symmetric and tridiagonal. That is, 

- 
2 1,l 1,2 2 

2 2 z 2 3 1  2,2 2,3 

z 2 3 , 2  3 , 3  3 , 4  z 

z 2 4 , 3  4 , 4  4 , 5  2 

z n-1 , n-2 z n-1,n-1 Z n-l,n 
z Z 
n, n-1 n,n . 

where zi = z and n is the number of panel points. The gen- 
eralized coordinates associated with (Z] are lateral translation 
at each of the panel points. 

,j .-i,i 
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The sign convention used in this paper to obtain the mass 
matrix [Z] is shown in Figure 2. 

Figure 2 Sign Convention for This Paper 

The beam mass iliatrix cbtained in this paper i s  applicable for 
either che pitch, yaw, roll, or longitudinal plane with a chazgs 
of variables. For the axis system shown in Figure 3 ,  the follow- 
i n g  variables muld be used: 

0 2  

Axis sys 

Yaw 
(Y, x) 

NA = Not Applicable 

!m of F i g  

Roll 
x ,  o x  

:e 3 

Longitudinal 
(4  

X 

X 
6 

( X I  

NA 

Mc 

NA 

1 b 
X 

-tJ 
X 

Figure 3 Beam Axis System (Right Hand) 
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The beam's t o t a l  mass, c e n t e r  of g r a v i t y ,  and moment of i n e r -  
t i a  about t h e  beam c e n t e r  of g r - . i t y  are also c a l c u l a t e d  and 
p r i n t e d  . 
DESCRIPTION OF TECHNIQUE 

The replacement of d i s t r i b u t e d  mass, d i s t r i b u t e d  r o t a r y  i n e r -  
t i a ,  and concent ra ted  mass items of a beam by a mass mat r ix  is 
obta ined  u s i n g  a k i n e t i c  energy approach as follows. 

For small d e f l e c t i o n s  normal t o  t h e  l o n g i t u d i n a l  body a x i s  
(x) of t h e  beam shown i n  F igure  2, t h e  k i n e t i c  energy is Lefined 
by 

M i 2 ( t )  + Icg 6:(t) 
C 1 +a[ c o  

where 

m(x) i s  t h e  d i s t r i b u t e d  mass, 

r ( x )  is  t h e  d i s t r i b u t e d  r o t a r y  i n e r t i a ,  

M is t h e  rrass of a concentrated i t e m ,  
C 

Icg i s  t h e  r o t a r y  i n e r t i a  of a concent ra ted  item about 
i ts  own c a n t e r  of g r a v i t y ,  

i s  t h e  time rate of change of e l a s t i c  d e f l e c t i o n  
normal t o  t h e  body x-axis ,  r e f e r r e d  t o  a s  l a t e ra l  
v e l o c i t y  i n  t h i s  paper ,  

0 is t h e  a n g d a r  v e l o c i t y  about an a x i s  parpendicular  
t o  t h e  paper ,  

expla ined  la te r ,  
A i s  t h e  v e l o c i t y  of a concentzated i,em and w i l l  be  

x is t h e  undeformed l o n g i t u d i n a l  a x i s  of t h e  beam, 

t i s  t i m e ,  

C 

xs is t h e  s t a r t i n g  x - s t a t i o n  of t h e  beam, and 

is t h e  ending x - s t a t i m  of the  beam. 

The f i n i t e  summation i e  over t h e  rrui,.ber of  concentrated mass 
items. 
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The technique used here to integrate Equation (1) is es- pl sentially a modification of the Kayleigh-Kitz method. In the 
basic Rayleigh-Kitz method the elastic deflection of ii beam is 
represented by a summation of assumed displacement functions each 
weighted by a generalized coordinate representing the contribu- 
tion of each of the assumed functions. E a c h  displacement func- 
tion is assumed over the entire beam lenk,: ;ind considerable 
skill is required to choose these functions. The modification 
used here is to assume a simple displacemsnt function between 
consecutive panel points and to use the panel point displacements 
as the generalized coordinates. 
will be assumed.here. This is illustrated in Figure 4 where x 

A linear displacement function 
k 

are consecutive panel point stations. The region between and xk+l 
panel points k and k+l is referred to as bay k. 
placement between panel points k and k+l is given by 

The lateral d i s -  

Similarly, the lateral velocity is given by 

The angular velocity is obtained as the geometric derivative of 
the lateral velocity. That is, 

This equation for the angular velocity is slightly in error be- 
cause a rotation due to shear deformation is included. A knowl- 
edge of the stiffness distribution would be necessary to deter- 
mine the relative contribution of bending rotation and shear 
deformation to the angular velocity. This error will be small 
for beam type structures and will be ignored, 



k+l X k X 

Figure  4 Linea r  Displacement Funct ion 

The k i n e t i c  energy of distrf.'JL ted mass, d i s t r i b u t e d  r o t a r y  
i n e r t i a ,  and concen t r a t ed  ntass items will be considered s e p a r a t e l y .  
The d i s t r i b u t e d  mass, mix), is considererl f i r s t .  The geometry 
for a l i n e  segment of d i s t r i b u t e d  mass is shown below i n  Figure 
5 .  

X l  x2 

Figure  5 LiKe Segm.snt Geometry 

The equa t ion  for a s t r a i g h t  l i n e  segment as shown i n  F igu re  
5 is 

S u b s t i t u t i n g  Equations (2) and (4) i n t o  (1) g ives  
energy of t h e  d i s t r i b u t e d  mass r ep resen ted  b j - s ?  
f i n  bay k as 

thc 'e; i e t i c  
l int .  ,sgment 



The s u b s c r i p t s  p and q have been introduced t o  handle t h e  poss i -  
b i l i t y  of a l i n e  segment extending p a s t  t h e  bay l i m i t s .  Thus, x 

is t h e  g r e a t e r  of XI o r  x and x i s  t h e  l r s s e z  of x2 or x 

S i m i l a r l y ,  m i s  e i t h e r  m l  o r  m and m i s  e i t h e r  m2 o r  

The i n t e g r a t i o n  i s  continued f o r  t h e  l i n e  segment i n  ad jacen t  
bays,  i f  necessa ry ,  u n t i l  t h e  e n t i r e  l i n e  segment h ~ s  been used. 
Performing t h e  i n t e g r a t i o n  of Equation ( 5 )  y i e l d s  

P 
k+l k q 

m k i l  a P k q 

where 

(6t ' 

i 6 f )  

- L = x  - x  f6g) 

( 6h) 

(61) 

F= = LPI(rttP + mq) ( H ~  + H ~ )  + m H + m H 
P P  q q  

H + H ~ ) ~  + 2(m H~ + m HZ 
t P P  9 q  

P ( I P  

H -  P - ('p - Xk)/Lk 

hq = (xq - xk)/Lk, and 

'k %+l - xk. (63) 

The k e r n e l  ma t r ix  i n  t h e  t r i p l e  ma t r ix  product of Equat ior  .'6) 
is  t h e  mass ma t r ix  t h a t  r e p l a c e s  t h e  d i s t r i b u t e d  mass repz,,ented 
by one l i n e  segnent  i i n  bay k. 
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The k i n e t i c  energy  o f  t h e  dis t r ib1, : ted r o t a r y  i n e r t i a ,  r ( s )  
is  cons ide red  n e x t .  The geomszry f o r  one r o t a r y  i n e r t i a  l i n ,  
segment is similar t o  t h a t  g i v e n  i n  F i g u r e  5 f o r  d i s t r i 5 u r e d  i imss.  

S i m i l a r l y ,  

S u b s t i t u t i n g  Equa t ions  (3)  and ( 7 )  L t o  (1) g i v e s  t h e  k i n e t i c  
energy  nf t h e  d i s t r i b u t e d  
segment i I n  bay k as 

r o t a r y  i n e - t i a  r e p r e s m t e d  b:; OIIF l i n e  

The s u b s c r i p t s  p and q have similar meaning as h a s  been  p r e v i o u s l y  
d i s c u s s e d  for d i s t r i b u t e d  mass. 

Per forming  t h e  i n t e g r a t i o n  of Equat ion  (8) v i e l d s  tlie sarr.2 
e q u a t i o n  as was o b t a i n e d  p r e v i o u s l y  f o r  d i s t r i h t e d  mass. I t  i s  
r e p e a t e d  h e r e  as 

Now, however, 

= z  = L  r + r \  2~~ 
2 k , k  k + l , k + l  P (  P P I /  k 

and 

- - -. 
k k+l  'k ,k '  z 

As before, 

L = x  - x  
P 4 P  

and 

L -i x k k + l  - 'k' 



The kernel matrix of Equation (9) is then the mass matrix that 
replaces the distributed rotary inertia represented by one line 
segment i ir, bay k. 

The co' -tntrated mass items are considered last. These items 
r. pire SO.P.-' investigation because the item may be connected to 
riie Seam at an attach point a by an arm (assumed r i g i d )  as shown 
i-. Figure 6 .  The square of the velacity of concentrated item c 
is 

 it(^) = pa(t) - (xc - xa) Ga(t)12 + [Dia(t)12 

6 

Elastic Deflection of 
Beam Longitudinal Axis 

Figure 6 Concentrated Item Geometry 

From Equation (l), using the velocity expression of Equation 
(lo), the kinetic energy for a concentrater: item c becomes: 

where use has been made of the relationship that 6 (t) = da(t). 

In further work, the offset D will be assumed to be zero. The 
reason for this is that any mass offset from the beam x-axis means 
that the longitudinal principal axis of the beam does not coincide 
with the beam x-axis. A coupled transverse-longitudinal analysis 
would be required to accurately describe the kinetic energy of the 
beam for D # 0. However, if the analyst wishes to include the ef- 
fect of an offset D, inspection of Equation (11) shows that 

C 

IC& + Mc D2 could be used. With the above conditions, the kinetic 
C 
energy for a concentrated item can be expressed in matrix notation as 



The l a te ra l  and r o t a t i o n a l  v e l o c i t i e s  a t  the a t t a c h  p o i n t  a are 
gtven i n  terms of the v e l c t i t i e s  a t  a d j a c e n t  panel  p o i n t s  k and 
k+l from Equations (2) and (3), r e s p e c t i v e l y .  Using t h e s e  equn- 
t i o n s  t h e  k i n e t i c  energy of one concen t r a t ed  i t e m  c i n  bay k is 
finally given as 

where 

= Fi - 2F; + F 3 ,  
k ,k  

k , k+l 

2 

= F, - F 3 ,  and z 

k+l,k+l = F3' z 

as were p rev ious ly  ob ta ined  f o r  . l i s t r i b u t e d  mass. Now, however, 

F1 = M c ,  

F2 = Mc H c ,  

F3 = M c c  H2 4- Icg/Li ,  C and 

Hc = ( xc - xk)/Lb 

As b e f o r e ,  

k + l  - Xk' Lk = x 

The terms i n  Eq.\ations (13a) and (13b) could be  combined t o  g i v e  
a simpler  e x p r e l s i o n  f o r  z and z 

t o  minimize coding i n s t r u c t i o n s  i n  t h e  sub rou t ine .  The a t t a c h  
point coord ina te ,  x does not appear i n  any of t h e  f i n a l  equa t ions  

They are used, however, k,k+l' k , k  

a '  
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etc. It is used only to determine the bay in which the k,k' for z 

attach ooint is located. For an attach point coinciding with a 
panel point, the inertial properties could be correctly calculated 
using the coordinates of the panel point bay in front of the at- 
tach point or the panel point bay in back of the attach point. 
The results would be different, however, since the angular veloc- 
ity is discontinuous at a panel point. To minimize numerical 
roundoff error, the attach point is assumed at the beginning of 
the bay. 

The mass matrix for the entire beam is obtained by evaluating 
Equations ( 6 )  for each line segment of distributed mass, Equations 
(9) for each line segment of distributed rotary inertia, and 
Equations [13] for each concentrated mass item. Every resulting 
2x2 bay mass matrix is added to previous 2x2 bay mass matrices at 
like panel points to form the mass matrix for the entire beam. 

The total mass properties of the beam are calculated by the 
following triple matrix product. 

iPPl] = [; 
where 

11) is a cohmn of ones, 

{PPI is a column of the panel point x-stations, 
[Z] is the mass matrix for the beam, 
F$ is the beam mass, 

P is the first moment of the beam about x = 0 ,  and 

IT is the moment of inertia of the beam about x = 0. 

From this data che center r:f gravity of the beam is calculated 
from 

0 

T 
0 

and the moment of inertia of the beam about x is calculated from 
cg 
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SPECIAL CASES 

Two cases are worthy of mention. In the first case, a i Lxec ;~L>  
varying segment of distributed mass extending to the bay limits 
( \  and ~ k + ~ )  has a mass matrix (from Equations (6) of: 

In the second case, a uniform 
distributed mass extending to 
mass matrix of: 

rn k+l "k i- %+11 

(i.e., % = - segment of 

(Xk and x the bay limits 
"1 ) has a k+l 

!k+A Esym) '1 2 .  
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Subrout ine MASS2 t akes  (on opt ion)  distributed m a s s ,  d i s t r i b -  
u ted  r o t a r y  iner t ia ,  and concentrated m a s s  i t e m s  of a beam and 
rep laces  them w i t h  a mass matr ix .  The elements of t h e  mass mat r ix  
are r e p r e s e n t a t i v e  i n e r t i a l  va lues  of t h e  beam at s e l e c t e d  p o i n t s  
on zhe beam. 
f u n c t i o n  between p a i r s  of t h e  s e l e c t e d  p o i n t s  t o  d e s c r i b e  t h e  
beam's l a t e r a l  e las t ic  d e f l e c t i o n .  The x - s t a t i o n s  of t h e  s e l e c t e d  
p o i n t s  (panel  po in ts )  a r e  g iven  i n  {PI'). These x - s t a t i o n s  m u s t  
b e  i n  i n c m a s i n g  order .  

These elements a r e  c a l c u l a t e d  by assuming a cubic  

The d i s t r i b u t e d  mass, m(x), is assumed t o  be piecewise l i n e a r  
and is represented  by s t r a i g h t  l i n e  segments as shown i n  Figure 1. 
The x-s ta t ions  of t h e  end p o i n t s  f o r  t h e  l i n e  segments g i v i n g  t h e  
d i s t r i b u t e d  mass are independent of t h e  pane l  p o i n t  x - s t a t i o n s .  
However, t h e  d i s t r i b u t e d  mass m u s t  be w i t h i n  t h e  panel  p o i n t  l i m -  
its. 
may n 3 t  be jo ined  and may over lap .  The d i s t r i b u t e d  mass i s  de- 
f i n e d  i n  [DMASS].  Each row of [DMASS] r e p r e s e n t s  one n o n v e r t i c a l  
l i n e  segment. The form of each row of [DMASS] is [XI x2 m l  m2] 
where XI,  m l  g i v e  t h e  f i r s t  end p o i n t  and x2, mz g i v e  t h e  second 
end p o i n t  of a l i n e  segment. 

The l i n e  segnents  r e p r e s e n t i n g  t h e  d i s t r i b u t e d  m a s s  may o r  

I X 

F igure  1 D i s t r i b u t e d  Mass 

The d i s t r i b u t e d  r o t a r y  i n e r t i a ,  r ( x ) ,  is a l s o  assumed t o  b e  
represented  by s t r a i g h t  l i n e  segments. A l l  s ta tements  used  above 
f o r  d i s t r i b u t e d  6;ass are a p p l i c a b l e  t o  d i s t r i b u t e d  r o t a r y  i n e r t i a .  
The d i s t r i b u t e d  rccary  i n e r t i a  i s  def ined i n  [ D R I N ] .  The form of 
each row of [ D R I N ]  is [ X I  x2 r l  r 2 ] .  The end poin t  s t a t i o n s  x1 
and x2 f o r  t h e  r o t a r y  i n e r t i a  l i n e  segments a r e  ind.ependent from 
t h e  end p o i n t  s t a t i o n s  x l  and x2 f o r  t h e  mass l i n e  segments. 
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The concentrated mass items a r e  defined i n  [CONC]. Each row 
of [CONC] represents  one concentrated mass i t e m  and contains:  

I) xa, t he  s t a t i o n  a t  which t h e  i t e m  is at tached t o  the  

beam; 

Mc, t h e  mass of the  i t e m ;  

xcg, the  center  of g rav i ty  of t he  i t e m ;  

Icg, t h e  moment of i n e r t i a  of  t h e  i t e m  about its 

own cen te r  of gravi ty .  

2) 

3) 

4) 
C 

These four  elements are given i n  t h e  form x M x 

attachment s t a t i o n ,  x of an i t e m  t o  t h e  beam must be  wi th in  the 
panel  po in t  l i m i t s .  

Icg]. The 
a c c g c  

. a* 

The ca lcu la ted  representa t ive  i n e r t i a l  values  a t  the  se l ec t ed  
panel po in t s  are placed i n  a m a s s  matr ix 'given by [ Z ] .  The form 
of [Z] is 

where n i s  t h e  number of panel poin ts .  
i.e., zij = z . . .  

general ized coordinates  ( l a t e r a l  t r a n s l a t i o n ,  6 ,  and r o t a t i o n ,  

Matrix [ Z ]  is symmetric, 
The p a r t i t i o n  form of !3j r e s u l t s  from the  two 

J 1  

a t  each panel po in t  arranged with a l l  t r a n s l a t i o n  coordinates  
f i r s t  followed by a l l  r o t a t i o n  coordinates .  Each pa rc i t i on  of 
[ Z ]  is square and t r i -diagonal ,  f o r  example, 

192 

2 , 2  2 , 3  

z 

z z 

z z 3 , 2  3 , 3  3 , 4  z 

. 
2 n-1 , n-2 2 z n-1,n-1 n-l ,n 

n,n-1 n,n  z z 



The s i g n  convention used i n  t h i s  paper t o  o b t a i n  the mass 
matrix [Z] is shown i n  Figure 2. 

l Q  
Ix 

Figure 2 S i g n  Convention 
f o r  Th i s  Paper 

The beam mass m a t r i x  ob ta ined  i n  t h i s  paper is a p p l i c a b l e  
€o r  e i t h e r  t h e  p i t c h  o r  yaw p l a n e  wi th  a change of v a r i a b l e s  and 
p o s s i b l e  s i g n  changes. For  t h e  a x i s  system shown i n  F igu re  3, 
t h e  fol lowing v a r i a b l e s  would be used. Note t h a t  i n  o r d e r  to  
have a right-hand s y s t e m  such as t h a t  shown i n  F igu re  3 ,  t h e  s i g n  
of t h e  [ 2 0 , 0 ]  and p a r t i t i o n s  of [ Z ]  froin t h i s  s u b r o u t i c e  

would have t o  be  changed f o r  t h e  yaw plane.  

Axis System of  F igu re  3 

P i t c h  
(2, x ,  "y) 

X 

2 
6 
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t =  

Figure  3 Beam Axis System (Right Hand) 

The beam’s t o t a l  mass, c e n t e r  of g r a v i t y ,  and moment of i n e r -  
t i a  about t h e  beam’s c e n t e r  of g r a v i t y  are a l s o  c a l c u l a t e d  and 
p r i n t e d .  

DESCRIPTION OF TECHNIQUE 

The replacement of d i s t r i b u t e d  mass, d i s t r i b u t e d  r o t a r y  i n e r -  
t i a ,  and concen t r a t ed  mass items of a beam by a nass m a t r i x  is 
ob ta ined  us ing  a k i n e t i c  energy approach as fo l lows .  

For small  d e f l e c t i o n s  normal t o  t h e  l o n g i t u d i n a l  body a x i s  (x) 
of t h e  beam shown i n  F i g u r e  2,  t h e  k i n e t i c  energy is d e f i n e d  by 

X- 

C 

where 

m(x) is t h e  d i s t r i b u t e d  mass, 

r ( x )  is t t  ‘ i s t r i b u t e d  r o t a r y  i n e r t i a ,  

M is t h e  mass of a concen t r a t ed  item, 
C 

Icg i s  the  r o t a r y  i n e r t i a  of a concenrr;ted item about 
i ts own c e n t e r  of g r a v i t y ,  

6 is  the time ra te  of change of e l a s t i c  d e f l e c t i o n  
normal t o  the  bocy x-axis ,  and i s  r e f e r r e d  t o  a s  
l a t e ra l  v e l o c i t y  In  t h i s  p a p e r ,  

C . 
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0 is the angular velocity about an axis perpendicular to 
the paper, 
is tho velocity of a concentrated item and will be ex- 
plained later, C 

x is the undeformed longitudinal axis of the beam, 
t is time, 

xs is the starting x-station of the beam, and 

x is the ending x-station of the beam. E 

The finite summation is over the number of concentraced mass items. 
The technique used here to integrate Equation (1) is essen- 

tially a modification of the Rayleigh-Ritz method. 
Rayleigh-Ritz method the elastic deflection of a beam is repre- 
sented by a summation of assumed displacement functions each 
weighted by a generalized coordinate representing the contribu- 
tion of each of the assumed functions. Each displacement func- 
cion is assumed over the entire beam length and considerable skill 
is required to choose these functions. The modification used here 
is to assume a simple displacement function between consecutive 
panel points and to use the panel point displacements as the gen- 
eralized coordinates. 
sumed here. 
are consecutive panel point stations. 
points k and k+l is referred tu as bay k. 

In the basic 

A cubic displacement function will be as- 
k+l This is illustrated in Figure 4 where xk and x 

The region between panel 

Figure 4 Cubic Displacement Function 
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The cubic displacement function in bay k is determined as f o l -  
lows. The lateral displacement is given by 

'k) + 

E ( x )  = A(x - \ ) 3  + B(x - x ~ ) ~  -t C(X - 
or 

8(H) = aH3+ bH2+ cH + d 

where 

with 

Lk = xk+l - Xk. 

H is a local nondimensional bay coordinate to aic in the solution 
of Equation (1). 
geometric derivative of the lateral displacement. 

The angular displacement i s  obtained as the 
That is, 

36 < x l  O(x) = - ax 

or 

1 
Lk 

= --(-3H2 -2H -1 



The c o e f f i c i e n t s  a ,  b ,  c ,  d a r e  determined as 
tions (2) and (3). 

Hi Hk 

H;+l Hk+l 

-2Hk -1 

-3H2 -2Hk+l -1 k+l 

From whj ch 

= [ V I  
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fol lows from Equa- 

where 

2 -2 

-3 3 

s o  [ 1 0  

[ V I  = 

-L -Lk 

0 
0 

k 

2Lk 

k -L 
0 

Thus t h e  l a t e r a l  and angular  displacement i n  bay k is  determined 
i n  terms of the adjacent  pane l  p o i n t  l a t e r a l  and angular  d i s p l a c e -  
ments. S i m i l a r l y ,  t h e  lateral. and angular  v e l o c i t y  
given by 

i(H,t) = [H3 H2 H 11 [$ ]  

i n  bay k is 
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and 

1 
Lk 

i ( H ,  t) = - [-3H2 -2H -1 01 [ $ I  

The previous expression for the angular velocity is slightly in 
error because a rotation due to shear deformation is included. 
A knowledge of the stiffness distribution would be necessary to 
determine the relative contribution of bending rotation and shear 
deformation t o  the angular velocity. This error will be small 
for beam-type structures and will be ignored. 

. 

The kinetic energy of distributed mass, distributed rotary 
inertia, and concentrated mass items will be considered separately. 
The distributed mass, m(x), is considered first. The geometry for 
a line segment of distributed mass is shown in Figure 5. 

Th 
5 is 

or 

Figure 5 Line Segment Geometry 

equation for a straight line segment as shown i Fi ure 

m(H) = WH + ml - WH1 
by using the nondirnensional coordinate of Equation (2a) and 

W = (m2 - ml)/(H2 - H I ) ,  



MASS2-- 5/16 

Modifying Equation (1) to use the nondimensional coordinate of 
Equation (2a) and substituti-lg Equations ( 4 )  and (6) g i v e s  the 
kinetic energy of the distributed mass represented by one line 
segment i in bay k as 

The subscripts p and q have been introduced to handle the p9ssi- 
bility of a line scgment extending past the bay l.'mits. 
x 

of x or x 2 

Thus, 
(or 14 ' is the greater of x1 or xk, and xq (or Hq) Is the lesser 

P PI 

m2 Or %+la 

Similarly, m is either m or m and m is either 
The integration is continued for the line segment in 

k+l '  P 1 k q 

adjacent bays, if necessary until the entire line segment has 
been used. Performing the integration of Equation (8) yields 

'k+n+l, k+n+l 1 k.k 'k.k+l k, k+n 'k, k+n+l 

'k+l.k+l 'k+l.khi 'k+l.k+n+l 

'k+n,k+n 'k+n,k+n+l t (sym" 'i.k 

where 

F1 - 6F3 + 4F4 + PJ, 
k,k 

k , k+l 
k , k+n 

k , k h + l  

k+1, k+l 

k+l  , k+n 
k+l  , k+n+l 

Z 

= 3F3 - 2F4 - P1 
= (-F2 + 2F3 - F4 - P2) Lk 

Z 

z 

(F3 - F4 - p3) Lk z 

* p1 

= PZ L 

= P3 L 

2 

k 

k 

2 

2 

' (9) 
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= - "P) ("g - "p) 

P I  = ("p - xk)/Lk 

Hq (xq xk)/Lk 

Lk = x k+l - Xk' and 

n is t h e  number of panel  p o i n t s .  

It  is p o s s i b l e  t o  s impl i fy  t h e s e  equat ions f o r  z s i n c e  F8 = F3, 
Fg = FI,, and F10 = F5. 
t i o n s  for z could a l s o  be used f o r  d i s t r i b u t e d  r o t a r y  i n e r t i a  and 
concentrated mass items and thus  save coding i n s t r u c t i o n s  i n  t h e  
subrout ine .  The k e r a e l  matr ix  i n  t h e  t r ip le  mat r ix  product of 
Equation (9) i s  t h e  mass matrix which r e p l a c e s  t h e  d i s t r i b u t e d  
mass represented by one l i n e  segment i i n  bay k. 

This  was not  done so t h a t  these  same equa- 
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The kinetic energy of the distributed rotary inertia, r(x), 
is considered next. 
ment is similar to that given in Figure 5 for distributed mass. 
Similarly, 

The geometry for one rotary inertia line seg- 

r(H) = WH + q - WH1 
using the nondimensiona: coordinate of Equation (2a) and 

Modifying Equation (1) to use the nondimensional coordinate of 
Equation (2a) and substituting Equations ( 5 )  and (10) gives the 
kinetic energy of the distributed rotary inertia represented by 
one line sement i i n  bav k as 

The subscripts p and q have similar meaning, as has been previ- 
ously discussed, for distributed mass. 
of Equation (12) yields results identical to Equations (9) thru 
(9m) and similar to Equations (9s) thru (9w) as obtained previ- 
ously for distributed mass. 
here. The differences from the distributed mass equations are: 

Performing the integration 

These equations will not be repeated 

F = 0 (j = 1, 4) 

Ftj = 3E3/ Lk 

F6 = 6E4/Lk 

F7 = 9E L 

3 

’1 k 
= El/Lk 

Fg = 2E2/Lk, and 

F10 = 4E L . 
3/ k 

The kernel matrix in the triple matrix product of Equatior. (9) is 
then the mass matrix which ieplaces the distributed rotary inertia 
represented by one line segment f in bay k. 
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The concentrated mass items are considered last. These items 
require some-investigation because the item may be connected to 
the beam at an ixtach point a by an arm (assumed rigid) as shown 
in Figure 6. 

6 +*. CMC -1astic Deflection of 

Beam Longitudinal Axis 

Figure 6 Concentrated Item Geometry 

The square of the velocity of concentrated item 2 is 

From Equation (l), using the velocity expression of Equation 
(It), the kinetic energy for a concentrated item c becomes: 

where use has been made of the relationship that ic(t) = ;a<t). 

In further work, the offset D will be assumed to be zero. The 
reason for this is that any mass offset from the beam x-axis means 
that the longitudinal principal axis of the beam does not coincide 
with the beam x-axis. 
would be required to accurately describe the kinetic energy of the 
beam for D # 0. However, if the analyst wishes to include the ef- 
fect of an offset D, inspection of Equation (15) shows that 

Icg + M With the above conditions, the kinetic 

energy for a concentrated item can be expressed in matrix notation 

G coupled transverse-longitudinal analysis 

D2 could be used. 
C C 

a8 
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The lateral and r o t a t i o n a l  v e l o c i t i e s  a t  t h e  a t t ach  poin t  a are 
given i n  tzrms of t he  v e l o c i t i e s  a t  adjacent  panel po in t s  k and 
k4-1 from Equations (4) and (51, respec t ive ly .  Using these equa- 
t i ons  and modifying Equation (16) t o  use the  nondimensional co- 
ord ina te  of Equation (Za), t he  k i n e t i c  energy of one concentrated 
i t e m  c i n  bay k is i d e n t i c a l  tL Equations (9) t h ru  (An) as ob- 
ta ined previously f o r  d i s t r i b u t e d  mass. These equat ions w i l l  not  
be repeated here.  
equations are: 

The d i f f e rences  from t h e  d i s t r i b u t e d  mass 

Fz = Mc Hc 

F3 = Ha Mc 21ic - Ha) 
F4 = H2 a Mc(3Hc - 2Ha) 

( 

F5 = H2 M H 3H - 2H + 3 1 c g A  a[  c c (  c a) c 
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The mass matrix f o r  the  e n t i r e  beam is obtained by evaluat ing 
Ev.at ions (9) t h ru  (9w) f o r  each l i n e  segment of d i s t r ibu ted  mass, 
&q ia t ions (9) t h ru  (*I, ( 9 s )  t h ru  (SW) , and (13a) th ru  (13g) f o r  
each l i n e  segment of d i s t r ibu ted  ro t a ry  i n e r t i a ,  and Equations 
(9: th ru  (9m) and W a )  t h ru  (17m) f o r  each concentrated mass 
iecm. 
Ox4 bay mass matr ices  a t  l i k e  panel po in t s  t o  form the  mass matrix 
fox t h e  e n t i r e  beam. 

Every r e s u l t i n g  4x4 bay mass matrix is added t o  previous 

The t o t a l  mass proper t ies  of t he  beam are ca lcu la ted  by t h e  
fo: lowing t r i p l e  matr ix  product. 

i l l  is a column of ones, 

( 0 )  is a column of zeroes,  

{PPI is a column of t h e  panel po in t  x-s ta t ions,  Fd6] -.c, are p a r t i t i o n s  of t he  mass matr ix  [Z] ,  

% is the beam mass, 

Po is the  first moment of t he  beam about x = 0, and T 
0 IT is the. moment of i u e r t i a  of the  beam about x = 0. 

From t h i s  da ta ,  :ne center  of grav i ty  of the  beam is ca lcu la ted  
from 

anti the  moment of i n e r t i a  of the  beam about x is ca lcu la ted  
c ;  'om 

0 
1;g = IT - %. x:&. 
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SPECIAL C P S E  

Two cases are worthy of mention. In the first case, a 
ZimarZ~ varying segment of distributed mass extending to the 
bay limits xk and xk+l) has a mass matrix [from Equation ( 9 ) )  
of: ( 

a mass matrix of 

where 

In the second case, a waiforrn (i.e.. % = %+1 I m) segment of 

distributed mass extending to the bay limits has. (Xk and \+ l j  I;:.;:. 54 I -22Lk 

1 4L; 

i 

+ -- - 
I 
i 

I -13Lk 

where 

- - x  Lk = xk+l k '  

D 

-3L2 k 

This last result agrees with Archer's consistent mass matrix for 
a uniform (mass and stiffness) beam segment given in Reference 1. 
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Subrout ine MASS2A t akes  d i s t r i b u t e d  mass of f l u i d  i n  a con- 

The mas8 matrix inc ludes  coup l ing  between t h e s e  
tainer and t h e  s l o s h  mass of t h e  same f l u i d  and r e p l a c e s  them w i t h  
a mass matr ix .  
two types of masses. The elements i n  t h e  mass matrix f o r  t h e  d i s -  
t r l i i u t ed  mass and t h e  coup14qs terms are r e p r e s e n t a t i v e  i n e r t i a l  
valu4.s a t  s e l e c t e d  p o i n t s  on t h e  beam. These elements are cal- 
c u l a t e d  by assuming (1)  a cub ic  f u n c t i o n  between p a i r s  of t h e  
se l ecced  p o i n t s  t o  d e s c r i b e  t h e  c o n t a i n e r ' s  l a t e ra l  e l a s t i c  de- 
f l e c t i o n ,  and (2) a uniform motion of t h e  f l u i d  slosh r e l a t i v e  t o  
t h e  c o n t a i n e r ' s  d e f l e c t e d  l o n g i t u d i n a l  axis. 

The x s t a t i o n s  of t h e  s e l e c t e d  p o i n t s  (panel  p o i n t s )  are given 
i n  {PP). These x s t a t i o n s  must b e  in i n c r e a s i n g  o r d e r .  

The d i s t r i b u t e d  m a s s ,  m(x), is assumed t o  b e  piecewise l i n e a r  
and is r ep resen ted  by s t r a i g h t  l i n e  segments as shown i n  F igure  1. 

F igure  1 D i s t r i b u t e d  Nass 

The x s t a t i o n s  of t h e  end p o i n t s  f o r  t h e  l i n e  segments g i v i n g  t h e  
d i s t r i b u t e d  mass are independent of t h e  panel  p o i n t  x s t a t i o n s .  
However, t h e  d i s t r i b u t e d  mass must be w i t h i n  t h e  pane l  p o i n t  
l i m i t s .  The l i n e  segments r e p r e s e n t i n g  t h e  d i s t r i b u t e d  mass may 
o r  may not  be  j o i n e d ;  however, t h e r e  must not  be  any x v o i d s  o r  
ove r l aps .  The d i o t r i b u t e d  mass is def ined i n  [DMASS]. Each row 
of [DMASS] r e p r e s e n t s  one n o n v e r t i c a l  l i n e  segment. The form of 
each row of [DMASS] is [ X I  x2 m l  m2] where x1, m l  g i v e  t h e  f i r s t .  
end po in t  and x2, m2 g ive  t h e  second end p o i n t  of a l i n e  segment. 
The x2 of row 1 of [DMASS] must b e  equal  t o  x1 of row 2 ,  etc. 

l o  a i d  t h e  a n a l y s t ,  t h e  f l u i d  level (FLEVEL) i s  i n p u t  s o  t h a t  
[DMASS] can d e s c r i b e  t h e  complete c o n t a i n e r  f l u i d .  
f l u i d  from t h e  f l u i d  level  t o  t h e  c o n t a i n e r  bottom w i l l  b e  used 
i n  c a l c u l a t i n g  t h e  mass matrix. Another f e a t u r e  is t h a t  [DPUSS] 

Only the  
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can b e  used to  d e f i n e  t h e  crcss-sectimal area of t h e  complete 
c o n t a i n e r  and t h e  input  scalar CONVRT used t o  d e f i n e  t h e  f l u i d  
dens i ty .  

It is assumed t h a t  t h e r e  is no d i s t r i h t e d  r o t a r y  i n e r t i a  f o r  
a f l u i d  as t h e r e  is f o r  a s t r u c t u r e .  

The s l o s h  mass (SMASS) of t h e  f l u i d  is 9 v a l u e  t h a t  is sepa- 
rately obta ined  e i t h e r  from test o r  mathematical  modeling tech- 
niques. 

The c a l c u l a t e d  i n e r t i a l  terms are placed i n  a mass m a t r i x  
given by [Z]. The form of [Z] is 

where n is t h e  number of panel  po in ts .  Matr ix  [Z] is symmetric, 
i.e., zij =: zji. The p a r t i t i o n  form of [ZI r e s u l t s  from t h e  two 

genera l ized  coord ina tes  ( la teral  t r a n s l a t i o n  6 and r o t a t i o n  9)  at  
each panel  p o i n t  arranged w i t h  a l l  t r a n s l a t i o n  coord ina tes  f i r s t  
followed by a l l  r o t a t i o n  coord ina tes .  
d e i n a t e s  are then followed by t h e  s i n g l e  f l u i d  s l o s h  coord ina te .  
Each panel p o i n t  p a r t i t i o n  of [ Z ]  is square  and t r i - d i a g o n a l ,  for 
example, 

These panel  po in t  coor- 

1 

z Z 3,2 3,3 3,4 Z 

. 
. 

z z n-1,n-2 n-1,n-1 'n-l,n 



The element Z i s  t h e  inpu t  slosh mass ( S U S S ) .  
SIS 

This  
Pape r  

(6 , x ,  0) 

X 

6 

e 

m(x> 

The s i g n  convent ion used i r  t h i s  paper t o  o b t a i n  t h e  mass 
m a t r i x  [Z] is shown i n  F igu re  2. 

Axis System of 
F igu re  3 

P i t c h  Yaw 
( 2  ,x ,  B y )  ( Y  9x9 

X X 

6 
2 Y 

Y 

6 

-e 
z 

e 

m(x> m(x> 

X 

- FLEVEL 

Figure  2 Sign Convention f o r  This  Paper 



t z  /'* ey 

- 0  1 X X 

Figure  3 Beam Axis System (Right Hand) 

Note t h a t  i n  o r d e r  t o  have a right-hand system such as t h a t  shown 

p a r t i t i o n s  of [Z] from t h i s  s u b r o u t i n e  would have t o  b e  changed 

i n  F igure  3, t h e  s i g n  of t h e  p 6 , 0 ] '  [Ze,6J, 1 (Z~,S}. and ( Z s , b } T  

f o r  t h e  yaw plane.  

The f l u i d ' s  t o t a l  mass, c e n t e r  of g r a v i t y ,  and moment of 
i n e r t i a  about t h e  f l u i d ' s  c e n t e r  of g r a v i t y  are also c a l c u l a t e d  
and p r i n t e d .  

DESCRIPTION OF TECHNIQUE 

The replacement of t h e  d i s t r i b u r e d  mass and t h e  s l o s h  mass of 
f l u i d  i n  a c o n t a i n e r  by a mass m a t r i x  is obta ined  us ing  a k i n e t i c  
energy approach as follows. 

For small d e f l e c t i o n s  normal t o  t h e  l o n g i t u d i n a l  body a x i s  (x) 
of a c o n t a i n e r ,  t h e  k i n e t i c  energy of t h e  f l u i d  i n  t h e  c o n t a i n k r  
shown i n  Figure 2 is defined by 
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where 

m (x) is the  d i s t r i b u t e d  i n e r t  mass of the  f l u i d ,  

ms(x) is the  d i s t r i b u t e d  s losh  mass of the  f l u i d ,  

i 

6 (x , t )  i s  the  t i m e  rate of change of the  e l a s t i c  def lec-  
t i o n  of t he  conta iner ' s  longi tudina l  a x i s  normal 
t o  the  bod7 x-axis, 

6 (x , t )  is  the  t i m e  rate of change of the  f l u i d  s losh ing  
motion relative t o  t h e  conta iner ' s  de f l ec t ed  
longi tudina l  a x i s ,  

x is t he  undeformed longi tudina l  a x i s  of the  con- 
t a i n e r ,  

t is time, 

s 

E 

C 

S 

x is t h e  s t a r t i n g  x-s ta t ion  of t he  f l u i d ,  and 

x is t h e  ending x-s ta t ion  of t he  f l u i d .  

The d i s t r i b u t e d  mass, m(x), is the  sum of the  d i s t r i b u t e d  i n e r t  
mass and the  d i s t r i b u t e d  s losh  mass, t h a t  is, 

SMASS Def h e  R P -  
%OT 

where SMASS is  t h e  s lo sh  mass and is input  t o  t h e  subrout ine,  

and %oT is t h e  f l u i d  t o t a l  mass and is ca lcu la ted  i n  t h e  sub- 

roi t i ne .  

Assume t h a t  t h e  d i s t r i b u t e d  s losh  mass and d i s t r i b u t e d  mass vary 
i n  the salue r a t i o  as the  t o t a l  respec t ive  masses, t h a t  is, 
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Then Equation (1) :an b e  w r i t t e n  as 

T=$\: [ 1 m(x) ( 1  - R) 6:(x,t) + R ( i c ( x , t j  + ; , (x,t))’  dx.  

S 

The technique used h e r e  t o  d e s c r i b e  t h e  e las t ic  def lzc’ ion 
t h e  c o n t a i n e r  i s  e s s e n t i a l l y  a mod i f i ca t ion  of t h e  Rayleigh-Kr4 
method. I n  t h e  b a s i c  Rayleigh-Kitz method t h e  e las t ic  d e f l e c t i c  
of t h e  c o n t a i n e r  is rep resen ted  by a summation of assumed d i sp lace -  
ment f u n c t i o n s  each weighted by a g e n e r a l i z e d  c o o r d i n a t e  r ep rescn t -  
i n g  t h e  c o n t r i b u t i o n  of each of t h e  assumed f u n c t i o n s .  Each d i s -  
placement f u n c t i o n  is assumed over  t h e  ent i re  c o n t a i n e r  l e n g t h  
and c o n s i d e r a b l e  s k i l l  is  r e q u i r e d  t o  choose t h e s e  f u n c t i o n s .  The 
mod i f i ca t ion  used h e r e  is t o  assume a s imple  displacement  func- 
t i o n  between consacu t ive  panel  p o i n t s  and t o  u s e  t h e  pane l  p o i n t  
displacements  as t h e  g e n e r a l i z e d  c o o r d i n a t e s .  A cubic d i s p l a c e -  
ment func t ion  w i l l  b e  assumed he re .  This  is i l l u s t r a t e d  i n  F igu re  
4 where xk and x ~ + ~  are consecu t ive  pane l  p o i n t  s t a t i o n s .  The 

r e g i o n  between panel  p o i n t s  k and k+l is r e f e r r e d  t o  as bay k. 

k X 

Figure 4 Cubic Dis?lacement Funct ion 

The cubic  displacement  f u n c t i o n  i n  bay k is determined as fo l lows .  
Yhe la teral  displacement  is given by 
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6c(~) = A ( x  - x ~ ! ' ~  + B(x - x ~ ) ~  + C ( X  - Xk) + 

or 

d c ( H )  = a H 3  + b H2 + c : d 

= [ H 3  H2 H 11 a I1 
where 

with 

H is a local nondimensional bay coordinate t o  aid i n  the solu- 
t ion  of Equation (1). The angular displacement is  obtained as 
the geometric derivative of the lateral  displacement. That i s ,  

a 6 (x) 

ax 
C ec(x> = - 

or 

1 
0 - [-3H2 -2H -I 01 

Lk 
(3)  



The c o e f f i c i e n t s  a, b, c, d are determined fron Equations 
(3) as follows: 

' k+l 

Lk 'k 

- 'k 'k+l 

From which 

where - 
2 

-3 

0 

1 - 

-2 

3 

!I 

0 

- 

%+l 

-3H2 
k 

- -%+I 

I 

-Lk 
3Lk 

-Lk 

0 

-t 
Lk 
0 

0 - 

- 
1 P Hk 

Hhl Hk+l 1 

-2Hk -J. 0 

-1 0 -2%+1 - 

. I  

a 

b 

C 

d 
.I 
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(2) and 

Thus, t he  lateral displacement in bay k is determined i n  terms of 
t h e  adjacent  panel point  la teral  and angular  displacements. Sim- 
i l a r l y ,  t h e  lateral ve loc i ty  i n  bay k is given by 



The f l u i d  s losh ing  motion, 6 (x , t ) ,  r e l a t i v e  to the  container 's  
S 

def lec ted  longi tudina l  axis is given as t h e  product of a displace- 
ment function, I (x), and t h e  s lo sh  amplitude, A s ( t ) .  

displacement funct ion,  fs(x) = G ,  w i l l  be  assumed here. The vaiue 
of G w i l l  b e  determined later. 
i n g  motion is then 

A icnifom S 

The time de r iva t ive  of t h e  s losh-  

hs(x,t) = G A,(t ) .  

Combining Equations (4) and ( 5 )  gives  t h e  t o t a l  ve loc i ty  of 

where 

G I  = 2 -2 

3 

0 

0 

0 

-Lk 

-Lk 
0 

0 

-Lk 

Lk 
0 

0 
0 

1 0 

1 

The dis t r - ibutcd mass of the  f l u i d  w i l l  be  considered next.  
The geometry f o r  a l i n e  segment of d i s t r ibu ted  mass is shown below 
i n  Figure 5 .  



Figure 5 Line Segment Geometry 

The equation €or a s t r a i g h t  l i n e  segment as shown in Figure 5 is 

or 

m(H) = WH + m l  - WH1 

by using t h e  nondbens iona l  coordinate  of Equation (2a) and 

Modifying Equation (la) t o  use the  nondimensional coordinate  of 
Equation (2a) and s u b s t i t u t i n g  Equations (4), (a), and (7)  o,ives 
t h e  k i n e t i c  energy of the  d i s t r i b u t e d  nass of f l u i d  represented 
by one l i n e  segment i i n  bay k as 

Hb HL, H" 

H; ti4 i t3  

rP K~ K~ H IGK 

H 3  H2 li 1 GK 

H3GR H2GR HGR GR G 2 R  
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The subscr ipts  p and q have been intrcjduced t o  handle t h e  possi- 
b i l i t y  of a l i n e  segment extending past  t he  bay limits. 

m,, and m is e i t h e r  ~ k + ~ .  S i c i l a r ly ,  m is e i the r  m or  of x2 or 

5 or 
adjacent bays, i f  necessary, u n t i l  the  e n t i r e  l i n e  segment has been 
used. 

Thus, 
is the  grea te r  of x o r  x,, and x (or Hq) is the lesser 

1 9 "P (Or HP) 

1 9 P 
The integrat ion is continued for the  l i n e  segment i n  

Performing the  in tegra t ion  of Equation ( 9 )  yie lds  

uhere 

2 = F1 - 6F + 4Ft + P1 k, k 3 

%,k+l = 3F3 - 2F4 - p1 

k,k+n = (-F 2 + 2F3 - F4 - p2)Lk z 

k,k+n+l = fF3 - F4 - '3)% 

k+l , k+l 

k+l,!c+n = '2% 

z 

= P1 

= P3Lk 

k+n,k+n = (F3 7)  k 
= (-F4 + 3F5 - 3F6 + F 

z 

Z 

k+l , k+n+l Z 

- 4F4 + 6Ps - 4F6 + F L2 2 

k+n,ktn+T . Z 

'k+n+l, k+n+l = (Fs - 2F6 + F7) L i  

2 k,2n+l = (F1 - 3F3 + 2F4)GR 

2 k+l,Zn+l = (3F3 - 2F4)GR 



= (-F2 + 2F3 - F L GR 

- F  L GR 
k+n, 2n+l 4) k 

2 

kin+l,2n+l ' (F3 4) k z 

= F~ G ~ R  2n+l, 2n+l 2 

P1 = 9P5 -12F6 + 4F7 
P2 = -3F4 + 8F5 - 7F6 + 2F7 

P3 = 3F5 - 5F6 + 2F7 

= ("q - mP) /("4 - HP) 
P = ("p Xk)/Lk 

9 = (xq - x k ) / L k  

Lk = \+l - x k ,  and 

n is t h e  number of pane l  po in ts .  

is def ined  t o  b e  2n+l, 2n+l G is determined as fol lows.  Because z 

equal  t o  t h e  slosh mass, SMASS, 

where t h e  summation is over  t h e  number of segments giving t h e  dis- 
t r i b u t e d  mass of t h e  f l u i d .  From Equation ( l o t ) ,  

1 
F1 = 7 (xq - xp) (VP + Vq) 

which is t h e  f l u i d  mass i n  t h e  i n t e v a l  x t o  x . The summation 

of F R w a s  previously de- 

f i n e d  as t h e  ra t io  SMASS/b$,oT. 

P 9 
is then t h e  f l u i d  t o t a l  mass, MTOT. 

Therefore  
1 

G = 1. 
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The kerne l  matr ix  i n  the  t r i p l e  matr ix  product of Equation (10) 
is t h e  mass matrix t h a t  replaces the  d i s t r i b u t e d  mass of f l u i d  
represented by one Line segment i i n  bay k. 

The mass matr ix  f o r  the  e n t i r e  f l u i d  is obtained by eva lua t ing  
Equations (10) fo r  each l i n e  segment of d i s t r i b u t e d  m a s s .  Every 
r e s u l t i n g  5x5 bay mass matr ix  is added t o  previous 5x5 bay mass 
matrices a t  l i k e  panel po in t s  t o  form the  mass matrix f o r  t h e  
e n t  3r e f l u i d  . 

The technique j u s t  described was developed by Mr. Carl Bodley 
and M r .  Herbert Wilkening. 

The t o t a l  mass p rope r t i e s  of the f l u i d  are ca lcu la ted  by t h e  
following t r i p l e  matrix product: 

PIS e] 

where 

11)  is a column of ones, 

CO) is a column of zeroes,  

{PPI is a column of the  panel po in t  x s t a t i o n s ,  

[Zd6] etc., are p a r t i t i o n  of the mass matr ix  [Z ] ,  

Pi is  t k e  f l u i d  mass, r 

Po is the  f i r s t  moment of t he  l u i d  about x = 0, and T 

Io is the  moment of i n e r t i a  of the  f l u i d  about x = 0. T 

From t h i s  da t a  the cen te r  of grav i ty  of t he  f l u i d  is ca lcu la ted  from 

and t h e  moment of i n e r t i a  of the fluid about x i.1; cnlcul;iLeJ frvni 
C #  



Subroutine YODEl calculates the mode shapes and natural fre- 
quencies of a structure using its mass and stiffness matrices. 
?he method of Jacobi is used in the solution of the general 
eigenvalue problem 

where the mass matrix is given by [A], the stiffness matrix by 
[SI, and the size of the matrices by N. The m a s s  and stiffness 
matrices must both be real and symmetric. The m a s s  miitris ~!iust 
also be positive definite. Tile i,i element of the calculiited 

diagonal matrix r uL .J is the ith circular frequency squared. 

The corresponding mode shape is the i column of [e]. Because 
Jacobi's method is used, all mode shapes and frequencies are cal- 
culated. The circular frequency squared, u2, the circular f re- 
quency, (u, and the frequency, f = w / 2 n ,  are output from the sub- 
routine in increasing order of magnitude in IW21, {N } ,  and IFKEQ;, 
respectively. The mode shapes are altered so that the first ele- 
ment in each column is positive and normalized (automatically due to 

Jacobi's meLhod) so that [A] {4Ii = 1. Orthogonality checks 

T T 
[ l i ;  [AI [It] and [ 9 ]  [SI [ + I  are calculated and a summary of 
these results is printed (on option). 

th 

T 
i 

DESCRIPTION OF TECHNIQUE 

Consider a discrete coordinate model of a structural system 
having N degrees of freedom. Ths uiidamped, free equations of 
motion for small vibrations about a position of stable equilibrium 
can be expressed in matrix notation as 

As before, [A] is the mass matrix and [SI is the stiffness matrix. 
{h(t)) is a column of discrete coordinate displacements. The 
time dependence in Equation (2 )  can be removed by the trsnsforma- 

tion { h ( t ) )  = . ~ { ' j j  e because the solutions of Eqsntion (2) a r e  
assumed to be harmonic in time. Thus, for a nontrivial solutiorl, 
Equation (2) becomes 

jut 
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Equation (3) is recognized as a general eigenvalue problem of 
order N with eigenvector IS) (mode shape) and eigenvalue d' 
(circular frequency squared). 
so that the expansion of Equation (3) to include all solutions 
can be expressed as 

There are N values of w' and i , . I  

2 
JJ1 

. 
. 

or 

[QI 

Premultiplying by [A]'1 gives 

as the eigenvalue problem to be solved In this paper. 
method cannot be used directly on Equation ( 5 )  because even 
though [A] and [SI are symmetric, their product in general is 
not. 

Jacobi's 

The first operation in the solution of Equation ( 5 )  is to 
decompose (reference subroutine DCOM1) the mass matrix into tri- 
angular factprs, that is, 

[AI = [ V I T  [VI 

where [VI is an upper triangular matrix. Using [A]'l = ([UIT 

[VI)-' = [U]" ([LJIT)-' and premultiplying Equation [ 5 ]  by [ V I  
gives 
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Define 

from which 

[a,] = [UJ-’ [a]. 
-1 

Using t h e  f a c t  t h a t  ([UI’I) = ([U]-l)T we g e t  

[D]  [T] = [TI [‘ u2 J 

where 

and I8 r e f a r r e d  t o  a8 the dynamic matrix i n  t h e  r u b r o u t i l u .  
cmme t h e  r t l f f n a r r  matrix (SI i o  eymmetric, [Dl i o  eyapastrlc. 
Equation (10) is t h e  eigeEvalue problem from which t h e  e igenvalues  
r W 2  J and e igenvec tors  [a]  are c a l c u l a t e d  by J a c o b i ’ s  method 
( re ference  Subroutine EIGN1).  “he product of equat ion  -19) t o  
o b t a i n  t h e  mode shapes ( @ I  is accomplished by us ing  [VI as t h e  
Initla1 a igenvec tor8  in Subrout ine EIGN1,  t h u r  e l i m i n a t i n g  a 

Be- 

M t t i X  8UltipliC.tiOIl. 
Two o r t h o g o n a l i t y  checks of t h e  mode shapes are c a l c u l a t e d  i n  

t h e  s u b r o u t i n e  ds follows. F i r s t ,  a summary of t h e  r e s u l t s  of 

[ a ]  [A] [ a ]  are p r i n t e d .  This  c a l c u l a t i m  checks t h e  orthogonal- 

i t y  of t h e  mode shapes on t h e  mass mat r ix  i . e . ,  { + I i  [ A ]  { + i j  = 0) 

T and t h e  normal iza t ion  ( i . e . ,  {+Ii [ A I  { $ I i  = 1). Next, t h e  r e su l t s  

of [ a ]  [SI [ a ]  are compared w i t h  [‘w’ J. (They should be equal . )  

This  cneck results from premul t ip ly ing  Equation (4a)  by [ C ]  

T 
T ( 

T 

T 

T and assuming [ @ I  [ A ]  [ Q ]  = [ I ] .  Only t h e  upper ha l f  of [ A ]  and 
[SI are used  i n  t h e  c a l c u l a t i o n  of t h e  mode shapes ar.d f requencies  
but  a l l  of [ A ]  and [SI  are used  i n  t h e  o r t h o g o n a l i t y  checks. Thus, 
e r r o r s  i n  t h e  checks can r e s u l t  from nonsymmetric [ A ]  o r  [SI. 



Subroutine MOEElA calculates the mode shapes and natural fre- 
quencies of a structure using its mass and stiffness matrices. 
The method of Jacobi is used in the solution of the general 
eigenvalue problem 

where the mass matrix is given by [ A ] ,  the stiffness mntrtx by 
[SI, the size of the matrices by N, and c is a constant automat- 
ically calculated in the subroutine. The mass and stiffness 
matrices must both be real and symmetric. 
also be positive definite. The i,i element of the calculated 

diagonal matrix 

squared. The corresponding mode shape is the ith column of [C]. 
Because Jacobi's method is used, all mode shapes and frequencies 
are calculated. 
frequency, u, and the frequency, f = w/2n, are output from the 
subroutine in increasing order of magnitude in {W2), {W}, arid 
{FREQ}, respectively. The mode shapes are altered so that the 
r'irst element in each cplumn is positive and normalized (auto- 

T matically due to Jacobi's method) so that {?I [ A ]  ( $ 1  = 1. i i T T Orthcgonality checks [ $ I  [ A ]  [ l ~ ]  and [ + I  [SI [ O ]  are calcclated 
and a summary of these results is printed (on opt ion) .  

The mass matrix must 

:.;] contains the ith circular frequency 

The circular frequency squared, uz , the circular 

DESCRIPTION OF TECHNIQUE 

Consider a discrete coordinate model of a struztural system 
having N degrees of freedcm. The undamped, free equations of 
motion for small vibrations about a position of stable equilibrium 
can be expressed in matrix notation as 

As before, [ A ]  is the mass matrix and [SI is the stiffness matrix. 
{h(t)) is a column of discrete coordinate displacements. The time 
dependence in Equation (2) can be removed by the transformation 

Ih(t)l = 
sumed to be harmonic in time. Thus, fur a rioqtrivial solution, 
Equation (2) becomes 

ejot because the solutions of Equation (2) are as- 



, 
w '  

2 

I , ... 
I 

Equat ion  (3 )  is  recogn ized  a s  a g e n e r a l  e i g e n v a l u e  problem of 
o r d e r  N w i t h  e i g e n v e c t o r  { + I  (Iirode shape )  and e i g e n v a l u e  Ld. ( c i r -  
c u l a r  f r equency  s q u a r e d ) .  There  a re  !! v a l u e s  of. <A*- and i j r  so 
t h a t  t.re expans ion  of Equa t ion  (3) t o  i n c l u d e  a l l  s o l u t i o n s  can 
b e  expres sed  as ru;: 1 

I 
I { i ; ; i  
I 

I 
t q j i  I 

I 

( 4 )  

o r  

Adding c[A] [ : I ,  where c i s  a c o n s t a n t ,  t o  b o t h  s i d e s  of the 
e q u a t i o n  r e s u l t s  i n  

as t h e  e i g e n v a l u e  problem t o  be  s o l v e d  i n  t h i s  p a p e r .  The con- 
s t a n t ,  c ,  i s  c a l c u l a t e d  from 

Norm (S)  
Xorm (A)  

c =  

where t h e  Narm of a m a t r i x  i s  defined as t h e  sum of t h e  b b s o l u t e  
v a l u e s  of t h e  e l emen t s  of t b e  m a t r i x .  J a c c b i ' s  method cannot  be 
used d i r e c t l y  on Equa t ion  (5) because  even thocgh [ A ]  and [ S I  a r e  
s y m e t r i c ,  t h e i r  p roduc t  in ge Aral is  n o t .  

The f i r s t  u p e r a t i o n  i n  the s o l u t i o n  of Equa t ion  (5) i s  t o  da-  
compose (reEereaco b u b r o c l t i n e  UCOM1) iriCo tr ian;:u t a r  Lac ~ o r s  , 
t h a t  i s ,  

where [ U ]  i s  a n  u p p e r  t r i a n g u l a r  m a t r i x .  

Ueing (c [ A I  + [SI)-' m [VI-' ([UIT)-', premultiplying Equntioq ( 5 )  
A T -1 by tu], and using a superecript on [SI gives <[Ul ) [ A ]  

A 

( 7 )  



Xext, we d e f i n e  

[TI -. [u] $1 

from which 
A [ $ I  = [ u p  [TI. 

arid 

[D] i r  rrfrrred t o  ae t h e  dynamic ma t r ix  in t h e  a u b r w t i n o .  Be= 
cause t h e  mass m a t r i x  [ A ]  I s  eymmetric, in! is d y m e t r i c .  Equa- 
t i o n  (10) ie t h e  e igenva lze  problem from which t h e  e igenva lues  
PA 4 and. e igenvec to r8  [O] are c a l c u l a t e d  by J a c o b i ' s  method 
( r e f e r e n c e  S*ibroutine EIGN1). The product of EquatLon !9> to 
obtain the mode shape8 ($11 l e  accomplished by u s l n ~  [U]-l as t h e  
i n i t i a l  e igenvec to r s  I n  Subrout ine EIGNl,-thua e l lmlna t in f?  a 
ma t r ix  m u l t i p l i c a t i o n .  The mode shape8 ( $ 1  must b e  renormblized 

because where [9] 
[ A ] .  This las t  r e l a t i o n  is obtained from Cquatlon_a ( l o ) ,  ( l o a ) ,  
and (4 )  and us ing  t h e  o r t h o n x m a l  p rope r t i eu  of [ 6 ]  'r t h a t  is, 

The f i n a l  renormalized mode i is obtained from 

n T 
[ A ]  [$I] - [ I ]  i s  wanted, w e  have [6IT [ A ]  [ @ I =  

9 [&IT. 

The ith ci rcu la r .  frequency o q u e r e d , ~  i, ia obtained from Eque- 

t i m  ( l o b )  ae 
2 1  wi=x;-  (12) 

Two o r t h o g o n a l i t y  checks of t h e  mode shapes a r e  c a l c u l a t e d  
(on op t ion )  in t h e  sub rou t ine  a s  fo l lowr ,  

resultr  of [:)I ( A ]  [O] &re p r i n t e d ,  T h i s  c a l c u l a t i o n  checks 

F i r e t  a 8u1?isfy o f  the 
T 



the orthafionality of the mode shapes on the mass matrix ( l e e ,  

{e} :  !A] 191, - e)  and the normalization ( i . e .  { @ I i  [ A ]  {4Ii - 1 ) .  

Next, the r e s u l t s  of [ @ I '  [SI [ @ I  are compcred with [-w2-]. 
(They should b e  eqdal.) This check r e s u l t s  from premulriplpinp 

EquaiAon (4a) by [Q,] and aseuning [OJ [ A ]  [Q] = [I], Cnly :he 
upper ltalf of [ A ]  and [Si are used in the ca lcu la t ion  of the node 
shapes and frequencies,  b u t  a l l  of [ A ]  and [ S I  are used i n  tile 
orthogonality checks, Thus, errors in t h e  checks can result fron 
noneymmetric [ e !  or is]. 

T 
'I. 

T T 



Subroutine lfODElB calculates the mode shapes and natural fre- 
quencies of a structure using its mass and flexibility matrices. 
The ~ e t h o d  of Jacobi is used in the solrction of the general eiger-- 
value problem 

where the mass matrix is given by [A],  the flexibility matrix by 
!E), and the size of the matrices by N. 
matrices must both be real and symmetric. 
also be positive definite. The i,i element of the calculated 

diagonal matrix 

quency squared. 
of ( @ I .  Because Jacobl's method is used, all mode shapes and 
frequencies are calculated. 
the circular frequency. w ,  and the frequency, f = w / 2 - ,  are output 
from the subrostine in increasing order of magnitude in iU2). 
{W}, and {FREQ), respectively. Rigid body frequencies and mode 
shapes dill be in the lart positions of (W22, {W), {FREQ}, and 

The mass and flexibility 
The mass matrix must 

is the reciprocal of the ith circular fre- [$I 
The corresponding mode shape is the ith column 

The circular frequency squared . u2, 

1 ($1. 
number due to computer roundoff errox) corresponding to the rigid 
body modes. 
ment in each column is positive and normalized (automatically due 

T to Jacobi.; method) so that {$Ii [ A ]  {+Ii = 1. 
T T checks ( e ]  [ A ]  [ @ I  and [It] [ A ]  [E] [A] [ @ I  are calculated and 

a summary of these results is printed (on option). 

This is because 7 will be calculated as zero (or a small 

The mode shapes are altered EO that the first ele- 

w 

Orthogonality 

DESCRIPTION OF TECHi:LQUZ 

Consider a discrete coordinate model of a structural system 
having M degrees of freedom. 
tion for pmall vibrations about 3 position of stable eqlrili3riurn 
can be expressed in matrix notation as 

The undamped, free equations of mo- 

3.s before, [ A ]  18 the mass matrix, [SI is the  sciffness matrix, 
and {h(t)} is a cclumn of tiiscrete coordinate displacements. The 
time dependence in Equation (2) can b? removed by the  ttansforma- 

tion {h(t)j = ,jut because the solutions 3f Equation (2) are 
assumed to be harmonic in t h e .  Thus, for a nontrivial solution, 
Equation (2) becomes 



Equation (3) is recognized as a general eigenvalue problem of 
order N vi-, eigenvector 161 {mode shape) and eigenvalue ti' (cir- 
cular frequency squared). There are N values of u2 and t 4 1 so 
that the expansion of Equation (3) to include all solutions can 
be expressed as 

I 
1 9 9 .  

I 

or 

I 1 I 

Assume the structure €s grounded so that the stiffness matrix is 
nonsingular and its inverse exists. The inverse of the stiffness 
matrix is defined to be the flexibility matrix, that is, 

[E l  = [SIT' 

Using this relationship in Equation (4a) and postmultiplyfng by 
-1 r o 2  J gives 

as the eigenvalue problem to be solved in this paper. 
rtructure is not  grounded, the Stiffness matrix, [Si, is singular, 
end Bquation (5) is not applicable. The flexibility matrix, [E;, 
eon still be obtained by other techniques (either ditvttly or by 
epatation on the stiffness matrix) BO that Equation (6) is @till 
valid. These techniques will not be discussed here. Jacobi'a 
method cannot be used directly on Equation (6) because even 
though is] and [A ]  are symm@tric, their product in general ie not. 

If the 



The first operation in the  solution of Equation (6) is to  
kcorpose (reference Subroutine DCCRU) the  mass aatr ix  into tri- 
angular factors,  that is 

where [U] is an upper triangular matrix. N e z t ,  we define 

in - IUl  [@I 
from uUch 

where 

[D] is referred t o  as t he  dyaamic matrix i n  the subroutine. Be- 
cause the f l e x i b i l i t y  matrix [E] is symmetric, [D] is symmetric. 
Equation (10) is the  eigenvalue problem from which the eigenvalue rA J and eigenvectors [m are calculated by Jacobs's method 
(reference Subroutine EIGN1). 
obtain the  d e  dmpu [O] l a  acc0npli.h.d by wing [Ul'l aa the 
initial eigenwector In  Subroutine EIGN1, t h w  elladnatlng a 
matrix Irrltlpllcation. 
ir obtained from Equation (lob) an 

product of q u a t i o n  (9 )  to 

The i t h  c i rcu lar  frequency squared u2 1, 

&I-. 1 
xi 

Two orthogonality checks of the mode shapes are calculated (on 

This calculation checks t he  

optloa) In  the subroutine as f o l l w s .  

r a r u l t s  of [@IT [A] [4]  are printed, 

orthogonality of the  mode shapes on the mass matrix (1.e. {4} i  [A] 

F i r s t ,  a summary of the  



= 1). Next and the normalization (1.. ($1, [A] {+Ii 
of [@IT [A] [E: [A] [@I are compared with rl/a2J. 

T the results 

(They should 
be equal.) This check results from prmultiplying Equation (6) by 

T T [Q] [A] and assuming [Q] [A] (9) = [l]. Only the upper half of 
[A] and [E] are used in the calculation of the mode shapes and 
frequencies but all of [A] and [E] are usad in the orthogonality 
checks. 
[A1 02: E l .  

Thus errors in the checks can result from nonsymmetric 



MODElX - 1/3 
Subroutine FlODElX c a l c u l a t e s  t he  mode shapes and n a t u r a l  f re -  
quencies of a s t r u c t u r e  using i ts  mass and s t i f f n e s s  matrices. 
This  subrout ine is a modif icat ion of Subroutine MODE1 t o  a l low a 
nonposi t ive d e f i n i t e  mass matrix,  remove or thogonal i ty  checks, 
use  u2 convergence to le rance ,  w ,  f no t  ca lcu la ted ,  and removal o c  
making f i r s t  element of each mode pos i t i ve .  
I s  used i n  t h e  s o l u t i o n  of t h e  genera l  eigenvalue problem 

The  method of  Jacob i 

where t h e  mass matr ix  is given by [A], t h e  s t i f f n e s s  matr ix  by 
[SI, and t he  s ize  of the  matrices by N. The mass and s t i f f n e s s  
matrices must both b e  real and symmetric. 

ca lcu la ted  diagonal  matr ix  b2J is t h e  ith c i r c u l a r  frequency 

squared. The corresponding mode shape is the  ith column of  [Q]. 
Because Jacobl ' s  method is used, a l l  mode shapes and frequencies  
are ca lcu la ted .  
from the  subrout ine  i n  increas ing  order  of magnitude i n  {WZ).  
Th? mode shapes are normalized (automatical ly  due t o  Jacob i ' s  

method) so t h a t  {$Ii [A] {+Ii  = 1. 

The i,i element of  t h e  

The c i r c u l a r  frequency squared, u 2 ,  is output  

T 

DESCRIPTION OF TECHNIOUE 

Consider a d i s c r e t e  coordinate  model of a s t r u c t u r a l  system 
having N degrees of freedom. The undamped, f r e e  equat ions of 
motion for small v ib ra t ions  about a posi.tion of s t a b l e  equi l ibr ium 
can b e  expressed i n  matr ix  nota t ion  as 

As before ,  [A] is the  mass matrix and [SI is  the  s t i f f n e s s  inatrix. 
{ h ( t ) )  is  a column of d i s c r e t e  coordinate  displacements.  
time dependence i n  Eq [ 2 ]  can be removed by the transformation 

{ h ( t ) )  - a { + )  ejwt because the  so lu t ions  of Equation (2) a r e  
assumed t o  be harmonic i n  time. 
Eq [ 2 ]  becomes 

The 

Thus, fo r  a n o n t r i v i a l  so lu t ion ,  

Equation [ 3 ]  is recogqized as a general  eigenvalue problem of 
order  N with eigenvector { 0 }  (mude shape) and eigenvalue L,'! 
( c i r c u l a r  frequency squared).  
so t h a t  the  expansion of Eq [31 t o  include a l l  so lu t ions  can 
be expressed as 

There a r e  14 values  of u2 and io)  



or 

[AI [@I rw25 - [SI [ G I .  

Premultiplying by [AIe1 g ives  

W '  1 
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I I I 

as t h e  eigenvalue problem t o  be solved i n  t h i s  paper. Jacobi ' s  
method cannot be used d i r e c t l y  on Eq [5]  because even though [A] 
and [ S )  are symmetric, t h e i r  product i n  genera l  is not .  

The f i r s t  opera t ion  i n  the  so lu t ion  of Eq [5]  i s  t o  decompose 
t h e  mass matrix i n t o  t r i angu la r  f a c t o r s ,  t h a t  is, 

where [U]  is an upper t r i angu la r  matrix.  Modified s ta tements  from 
Subroutines DCONl are  used, t h a t  is the square-root of abso lu t e  
va lues  are used. This allows f o r  a nonposi t ive d e f i n i t e  mass 

matrix.  Using [A]-1 = ; [ V I T  [U])-' = [U]-' ([UIT)-' and pre-  
mult iplying Eq [5] by [U] gives  

Define 

from which 

-1 - [ @ I  - [ V I  [ G I .  

Using t h e  f a c t  that ([VI 1 - ( [ V I  1 w e  g e t  

[ D l  [TI = 101 b2J 

T -1 - -1 T 

where 

181 

119 1 
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and is referred to as the dynamic matrix in the subroutine, 
cause the stiffness matrix [SI is symmetric, [D] is symmetric. 
Eq [lo] is the eigenvalue prcblem from which the eigenvalues 
b2J and eigenvectors [J] are calculated by Jacobi’s method (ref- 
erence Subroutine EIGNlA). The product of Eq [ 9 ]  to obtain the 
mode shapes [@]  is accomplished by Using [Ul’l as the initial 
eigenvectors in Subroutine EIGNlA, thus eliminating a matrix 
multiplication. 

Be- 



Subroutine MULT calculates the product of two matrices. In 
macrix notation, 

where NRB 

'ij =E aik bkj 
k= 1 

1, NtLZ (; : 1, NCB) 
NRA is the number of KOWS of [A] and [Z] . NRB is the number of 
rows of [B] and the number of columns of [ A ] .  NCB is the number 
of columns of [B] and [XI. The number of columns of [A] must be 
equal to the number of rows of [B! . 
Theorem: Multiplication of matrices is not commutati7.e in gen- 

eral. That is, 

for any values of a ij and bij. 

Theorem: Multiplication of matrices is associative. That is, 

Consider input of [A]  = [l. 2.1 and . 11. 12. 1 x 2  

The reader can easily verify the output to be 

. 11. 12. '3 IZIlx3 = [I. 2.1 [l; 

= [ 2 7 .  14 .  3 3 . 1 .  



Subroutine MULTA calculates the product of two matrices. 
This subroutine is a modification of Subroutine MULL to allow 
larger matrix sizes by placing the answer [ Z ]  in the same core 
locations as [A] .  In matrix notation, 

where NFtB 

z = c a  ik b kj 
ij (; : :: E) 

k= 1 

NRA is the number of rows of [ A ]  and [Z]. NRB is the number of 
rows of [ B ]  and the number of columns of [ A ] .  NCB is  the number 
of columns of [ B ]  and [ Z ] .  The number of cclumns of [A]  must be 
equal t o  the number of rows of [ B ] .  

Theorem: Multiplication of matrices i.r not commutative in gen- 
eral. That is, 

ij 
for any values of a and b 

ij 
Theorem: Multiplication of matrices is associative. That is, 

[AI ( [ B l [ C l )  = ( [ A m ] )  [ C I .  

Theorem: Multiplication of matrices is distributive. That is, 

[A1 ( [B]  + [ C l )  = [ A l [ B ]  + [ A I [ C l .  

DESCRIPTION OF TECHNIQUE 

To accomplish matrix multiplication using only two matrix 
core spaces, an intermediate work space vector is used in the 
subroutine. The size of this work vector determines the limi- 
tation on the number of columns of [ B ]  (i.e., N C B ) .  The matrix 
multiplication is accomplished as follows. A single row of [ A ]  
is multiplied times the columns of [ B ] .  These results are stored 
in the work vector until all the columns of [B] have been used. 



The elements in the work vector then replace the row of [A] used 
in the multiplication. This procedure is repeated for all the 
rows of [A] .  Schematically, the procedure car. ‘>e represented by 

- - - -  [----I 1 

{ W I T  

where [Ao] is the original [A ] ,  [AI] = [ Z ]  is the answer. 

EXAMPLE 

Cansider input of [AI lx2  = [l. 2.1 and 
= [li: -8.  9 . l  11. 12. 

The reader can easily verify the output to be 

L o .  11. 12. 
[ZllX3 = [I. 2 . j  7. -8. 

= [27 .  14. 3 3 . ) .  



Subroutine MULTB calculates thc product of two matrices, 
This subroutine i s  a modification of Subroutine MULT to allow 
larger matrix sizes by placing the answer [Z] in the same core 
locations as [ B ] .  In matrix notation, 

where NRB 

ij =c aik bkj 
k= 1 

i = 1, N U  
(j = 1, NCB) 

NRA is the number of rows of [ A ]  and [ Z ] .  NRB is the number of 
rows of [ B ]  and the number of columns of [ A ] .  NCB is the number 
of columns of [ B ]  and [ Z ] .  The number of columns of [ A ]  must be 
equal to the number of rows of [ B ] .  

Theoren: Multiplication of matrices is ,lot commutative in gen- 
eral. That is, 

for any values of a and bij. 
ij 

Theorem: Multiplication c f  miitrlces is associative. That is, 

[ A 1  ( [ B I [ C l )  = ( [ A I [ B l )  [ C ] .  

Theorem: Multiplication of matrices is distributive. That is, 

[ A I  ( [ B l  + [ C l )  = [ A I [ B I  + [ A l [ C l .  

DESCRIPTLON OF TECHNIQUE 

To accomplish matrix multiplication using only two matrix 
core spaces, an intermediate work space vector is used in the 
subroutine. The size of this work vector determines the limi- 
tation on the number of rows of [ A ]  (i.e., N R A ) .  The matrix 
multiplication is accomplished as follows. The  rows of [ A ]  are 
multiplied times a single column of [ B ] .  These results are 
stored in the work vector until all the rows of [ A ]  have been 
used. The elements in the work vector then replace the column 
of [ B ]  used in the multiplication. This procedure is repeated 
for all the columns of [ B ] .  Schematically, this procedure can 
be represe.nted by 



where [ B O ]  is  the  o r i g i n a l  [B], [Bl] = [Z] i s  the  answer. 

EXAMPLE 

Consider input of [A]  = 11. 2 . 1  and i B I Z x 3  = [ 7 .  ;:: 9 .1 .  1 x 2  
10. 12. 

The reader can eas i ly  v e r i f y  the output t o  be 

[ Z I I x 3  = [l. 2 . 1  

= [27 .  14 .  3 3 . 1 .  



ONES 

Subroutine ONES generates a matrix with each element equal  to 
one. That is ,  

z = 1. 
ij 

= 1, NK (j' = 1, NC) 

In matrix notation,  

3 

NRxNC 1. 1. ... 1 

1. 1. 

1 . . . . 1  

where NR i s  the number of rows of [ Z ] ;  NC is t h e  number of columns 
of (Z]. 



S u b r o u t i n e  ONRBM c a l c u l a t e s  f i r thonormal  r i y i d  body modes 
from any r i g i d  body modes ' P  and mass m a t r i x  1 N x NR BM [ 1 N X  NRBM 

[ A]N*N.  where N is  t h e  number of d e g r e e s  of freedom and NRBY i s  

.:he number of r i g i d  body modes. The or thonormzl  r i g i d  body modes 
qre o r t h o g o n a l  such  t tat  {@}T[A]{$} = 0 (i+j) where Id81  is one 

r i g i d  body mode (a column) of [ a ]  and i ,  j r e f e r  t o  Lhe col.umn 
number o f  [ @ I .  The o r thonorma l  r i g i d  body modes are no ima l i zed  
such that C + ~ ~ [ A ] { 4 ) i  = 1. 

j 

OESCRIPTION OF TECHNIQUE 

Pcr form t h e  t r i p l e  m a t r i x  p r o d u c t  

Cal .cu la te  t h e  e i g e n v a l u e s  [ i and e i g e n v e c t o r s  [ E ]  of [ B ] .  
By d e f i n i t i o n ,  

[E]T[B][E]  = r X 3 

o r  [ B ]  = [ E ] - T t  h ][E]'l 

S u b s t i t u t i o n  of Equa t ion  ( 3 )  i n t o  Equat ion  (l), p r e m u l t i p l y i n g  ' . j  

[ E l T ,  and pos tmulL ip ly ing  b y  [E]  y i e l d s  

The o r thonorma l  r i g i d  body modes are t h e n  d e f i n e d  as 



PAGEHD 

Subrout ine PAGEHD b r i n g s  up a new page and p r i n t s  a heading a t  
the top of t h e  page. Th i s  heading c o n s i s t s  o f :  

1) Run number; 

2) Date; 

3) Page number - I n i t i a l i z e d  as zero i n  s - ib rou t ine  START 
and increraented by one each t i m e  Subrout ine PAGEHD is 
e n t e r e d  ; 

4) User's name; 

5 )  T i t l e  Card 1; 

6 )  T i t l e  Card 2. 

Each of the  above items w a s  ob ta ined  i n  Subrout ine START and t r a n s -  
f e r r e d  by a COM.!ON block l a b e l e d  LSTART. 



Subrout ine PLOT1 p l o t s  p o i n t s  on a graph w i t h  l i n e a r  x and y 
axes. The x, y c o o r d i n a t e s  of t h e  p o i n t s  are supp l i ed  t o  t h e  sub- 
r o u t i n e  i n  {XVEC) and [YMAT], r e s p e c t i v e l y .  Each column of [YNATJ 
is considered a s e p a r a t e  cu rve  w i t h  a maximum of t h r e e  cu rves  
allowed. On o p t i o n  (IFC’JRV = 11, t h e  p o i n t s  are connected by 
s t r a i g h t  l i n e  segments. A l l  cu rves  w i l l  have t h e  same y scale. 



PLOT2 

Subroutine PLOT2 plots points on a semilog or log-log graph, 
and connects the points with straight line segments. The input 
value of IPLOT determines the type of axes. IPLOT = 1 gives a 
log x axis and a linear y axis, IPLOT = 2 gives a linear x axis 
and a log  y axis, IPLOT = 3 gives both log x, y axes. The x, y 
coordinates of the points are supplied to the subroutine in {XVECI 
and [YMAT], respectively. Each column of [YMAT] is considered a 
separate curve with a maximum of ten curves allowed. .All curves 
wilL have the same y scale. 



PLOT3 

Subroucine PLOT3 p l o t s  p o i n t s  and connects  t h e  p o i n t s  w i t h  
s t r a i g h t  l i n e  segments t o  produce (on o p t i o n )  a p e r s p e c t i v e  view 
or a stereo p a i r  of a three-dimensional o b j e c t .  The x, y ,  z co- 

o r d i n a t e s  of t h e  ith p o i n t  of t h e  o b j e c t  comprise t h e  ith row of 
t h e  input  matrix [CLOC]. The p o i n t s  t o  be connected are s p e c i f i e d  
i n  [MLOC]. 
cone of vision ( u s u a l l y  about 60 deg) of t h e  viewer. 

I n t e r p o l a t i o n  is done i f  a p o i n t  f a l l s  o u t s i d e  of t h e  



PLOTSS 

Subroutice PLOTSS selects the  s c a l e  and c a l c u l a t e s  the t o p  
and b o t t o m  va lues  of a 10-step l i n e a r  s c a l e  from the  irnput va lues  
of the maximum and m i n i m u m  values  t o  b e  p l o t t e d .  Each s t e p  (1/10 
of the tota l  scale) w i l l  have a value  of .S, 1,  or 2 .  



PSD1- 1/6 

Subroutine PSDl ca lcu la t e s  power s p e c t r a l  dens i ty  response and 
var iance due t o  a power s p e c t r a l  dens i ty  fo rc ing  func t icn .  
equat ion is given i n  the  frequency domain as 

The bas ic  

where Bf is the mass matrix 

D is the damping matr ix  

K is the s t i f f n e s s  matrix 
F is the  force  d i s t r i b u t i o n  

u is the fo rce  v a r i a t i o n  

The response { q(m) \ could be obtained from 

The disadvantage of t h i s  approach is t h a t  a complex matr ix  inversion 
must be performed f o r  e a c h r  used. Because each matrix inversion re- 
qui res  much computer t i m e ,  the  approach of equat ion (2) is not  used i n  
th i s  subrout ine PSDl .  Rather, t he  following approach used. 

The second order  d i f f e r e n t i a l  equation can be put  i n t o  an equiva len t  
f i r s t  o rder  d i f f e r e n t i a l  equat ion given a s  

The response i s  expressed i n  terms of numerator and denominator containing 
products c?f f i r s t  and second order  polynomials permit t ing rapid e v a l u a t i m  
a t  many rn . Calculat ion of the complex roa t s  uses considerable computer 
t i m e  but t h i s  technique is  s t i l l  f a s t e r  than the technique of equation 
(2) when so lu t ions  a t  many r a r e  sought. 



The system c h a r a c t e r i s t i c  matr ix  [A*] provides the basis f o r  eva lua t ing  
the  resonant c h a r a c t e r i s t i c s  (na tura l  frequencies) of the system des- 
c r ibed  by matrices [M] , [D] , and [K] . 

Taking the Laplace transform of equat ion (4) gives  

Employ Cramer's Rule t o  evaltste the p g  element of { Z ( s ) l  due t o  an 
inpu t  u, t h a t  is  

where Aug 11s - A* lis accomplished by placing { b 1 i n t o  column p of 
11s - A*l  . 

It is  des i red  t o  evalua te  both the numerator and denominator roo t s  
of equat ion (6). The Q-R algori thm (Reference J.G.F. Francis ,  "The QR- 
Transformation - A Unitary Analogue t o  the LR-Transformation", The Com- 
puter  Journa l ,  Volume 4, October 1961, (Par t  1) and Volume 5 ,  January 
1962 (Par t  2) . )  i s  a usefu l  t oo l  t o  e x t r a c t  the roo t s  of the complex 
system and is used here .  

The denominator roo t  ex t r ac t ion  i s  s t r a i g h t  forwdrd i n  t h a t  we wish 
t o  f i n d  p l ,  p 2 ,  pg,  ... pn from an expression of the form 

D(s )  = d e t  ('I] s - [A*]) (7) 

such that 
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N 

= (s - , P i )  
i=l 

This evaluat ion is made by ex t r ac t ing  the c h a r a c t e r i s t i c  t o o t s  of the 
matr ix  [A*] . 
no t  symmetric. 

I n  general ,  these roo t s  w i l l  be complex because [A*] is 

The numerator root  ex t r ac t ion  is more complicatzd i n  t h a t  the 
augmented matrix can very e a s i l y  have a zero  pivot  element from { b 1 . 
Thus, the null p i ' s  are elhninated from the expression giving the char- 
a c c e r i s t i c  polynomial of order n less than N. It is a r a the r  common 
occurence 
less than 
numerator 

Ns = 

where the 

ka"  

for the  number of zeroes (order of the numerator N ( s ) )  to  be 
the number of poles (order of the denominator D ( s ) ) .  The 
expression N ( s )  can be wr i t ten  as 

i=l 

numerator root  gain is 

n 

( 9 )  

.y u 
I i s  the i d e n t i t y  matrix of s i z e  N with a n u l l  diagonal element. A*is 
the A* matrix with a negative column of 1 b 1 i n  the ptJ column; and the 
Bode ga in  f o r  the numerator is  

m 

i=l 

Transfer funct ion poles,  zeros ,  and r a o t  gain can be converted to  
the standard Bode form f o r  frequency resp qse by combining time con- 
s t a n t s  ( T ) ,  damping (<) and resonant frequencies (to) a s  



i 0 

i=l i =1 m=kg 
2 i .  s 

0 
0 

j =1 j =1 

where the composite Bode gain is  

zi 
i=l 

% = %  rn 

z i  is a roo t  of the numerator and, p j  is a root  of the denominator. 

The frequency response i s  then ca lcu la ted  by s u b s t i t u t i n g  j w  f o r  s and 
evaluat ing the t r ans fe r  funct ion expression ( tha t  i s  Z,(s)) a t  var ious 
o . I n  t h i s  subroutine the f irst  and las t  0 and the number of w wanted 
is spec i f ied  by the user .  

The add i t iona l  equations a r e  obtained from 

which can ba s p l i t  i u t o  r e a l  and imaginary p a r t s  a s  

Note t h a t  ! q ( w ) \  
equation (3b). 

( r e a l ,  imaginary) is the second half  of ( Z ( w )  1 , see  



Although t h e  modal response is c a l c u l a t e d  f o r  each modal c o o r d i n a t e  
i n  t u r n  f o r  many f requencies ,  t h e  need i n  t h e  c a l c u l a t i o n  of the addi-  
t i o n a l  equat ions  is f o r  , 3 1 1  of the  modal coord ina te  responses a t  each 
frequency i n  turn .  To avoid ex tens ive  tape reading ,  i t  was decided t o  
p l a c e  the modal responses  i n t o  c o r e  fo r  t h e  a d d i t i o n a l  equat ions  c a l -  
c u l a t i o n .  Although t h i s  l i m i t s  the  number of f requencies  t h a t  can be 
used, t h e  loss i n  accuracy i n  c a l c u l a t i n g  t h e  var iance  should be minor. 

A c o n s t a n t  s t e p  s i z e  between a s p e c i f i e d  minimum and maximum f r e -  
quency is used. Because the  a r e a  under the PSPfrequency curve (var iance)  
is t h e  f i n a l  r e s u l t ,  us ing  a c o n s t a n t  frequency s t e p  s i z e  g ives  a reasona- 
b l e  r e s u l t  even though some i n d i v i d u a l  peaks may be missed. 

The PSD of t h e  a d d i t i o n a l  equat ions  ( a t  one s t a t i o n  here)  is given 
by 

L(*) = €I2(,) u(u) 

and u(m) is t h e  P S D w  
v a r i a t i o n  is g iven  in t h e  input  by TABF, TABU. 

v a r i a t i o n  of the  f o r c i n g  func t ion  { F 1 . The PSD-w 

The var iance  of t h e  a d d i t i o n a l  equat ion  i s  

The square r o o t  of the  var iance  (or  mean square response) i s  the  s tandard  
devia t ion .  P r i n t o u t  (on opt ion)  i n  the subrout ine  includes:  

(2) BCOL ( b  1 

(3) R AR g i v e s  the  r e a l  and imaginary p a r t s  of t h e  r o o t s  of [A*] . 
RAWT g i v e s  the  real and imaginary p a r t s  of t h e  r o o t s  of [A*] 

t ranspose.  

(4) RRED (printed i n  subrout ine  PSD1) 
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RRED(1) is t h e  nusber of cumerator r e a l s  
RRED(2) is t h e  number of numerstor complex p a i r s  
RRED(3) is t h e  number of numerator zeroes  
RRED(4) is t h e  number of denominator r e a l s  
W D ( 5 )  is t h e  number of denominator complex p a i r s  
RRED(6) is the  number of denomina t o r  zeroes  
RRED(7) is t h e  Bode gain  (GB), 

Based on t h e  va lues  of the  f i r s t  s i x  q u a n t i t i e s ,  come numerator 
t i m e  c o n s t a n t s  ( t ) ,  damping (0, and resonant  f requencies  ( w ) ,  

followed by denominator t i m e  c o n s t a n t s ,  damping and resonant  
f requencies  . 



Subrout ine PUNCH0 punches a rtiatrlx of o c t a l  numbers on to  ca rds  
without  round-off e r r o r .  Octal r e p r e s e n t a t i o n  of t h e  ma t r ix  e l e -  
ments is used because i t  g ives  an exac t  r e p l i c a  of t h e  b ina ry  num- 
b e r  used by a d i g i t a l  computer. A decimal r e p r e s e n t a t i o n  w i l l  
n o t  g ive  an exac t  r e p l i c a .  The ma t r ix  on punched ca rds  i s  t o  be 
used only as an emergency backup f o r  t he  ma t r ix  w r i t t e n  on n 
s t o r a g e  tape.  

Th i s  matr ix  on cards  i s  compatible w i t h  the  inpu t  form f o r  
Subrout ine READO. A group of up t o  t h r e e  consecut ive elements 
from a row of -+e ma t r ix  are punched on each ca rd .  If a l l  of t h e  
elements of a group are ze ro ,  punching of t h i s  card i s  suppressed.  

The f i r s t  card punched con ta ins  t h e  matr ix  name ( i n  ca rd  
columns 1-6), the  ma t r ix  row s i z e  ( i n  ca rd  columns 7-10), and the  
ma t r ix  column s ize  (card columns 11-15). Th i s  is  followed by t h e  
ma t r ix  d a t a .  On any ca rd  of the ma t r ix  data  the f i r s t  i n t e g e r  
number (card columns 1-5) i s  the  row number of the m a t r i x  elements 
on t h a t  card.  The second i n t e g e r  number (card columns 6-10) is  
t h e  column number of t h e  ma t r ix  element i n  the f i r s t  d a t a  f i e l d  
( ca rd  columns 1 4 - 2 5 ) .  The nex t  group con ta ins  o c t a l  numbers (up 
t o  t h r e e  numbers i n  ca rd  columns 14-25 ,  29 -40 ,  44 -55 )  t h a t  are 
t h e  values of t he  m a t r i x  e lements .  Th i s  group of ma t r ix  elements 
is given i n  consecut ive column o r d e r .  T h e  l a s t  card punched con- 
t a i n s  t e n  zeroes  i n  ca rd  co1l;mns 1-10 t o  i n d i c a t e  t h e  end of t h e  
matrix.  



Subrout ine RBTGi c a l c u l a t e s  a r i g i d  body t r acs fo rma t ion  
matrix, [ RBTJ , such t h a t  

where q \  is displacements  a t  s e l e c t e d  p o i n t s  on il s t r u c t u r c ,  
and d q 1 ~ ~ ~  is displacements  a t  a r e f e r e n c e  p o i n t .  Thc C a r t e s i a n  
coor  i n a t e s  (x, y ,  z )  of the s e l e c t c o  p o i n t s  a r e  given by the 
i n p u t  matrix [ X Y X  3 . Each row of [ XYZ 1 has the  x ,  y ,  z coor- 
d i n a t e s  cf 0r.e p o i n t .  The x, y,  z c o o r d i n a t e s  of t he  r e f e r e n c e  
p o i n t  a r e  given by [XYZREFJ . This  r e fe rence  p o i n t  w e d  no t  be- 
one of the p o i n t s  given i n  [ X Y Z J  . A matrlx of i n t e g e r s ,  [~DOFJ 
i s  also i n p u t  t o  t h i s  sub rou t ine  t o  d e f i n e  the degree of freedom 
number of the displacement of each p o l n t .  Th i s  degree of f r e e -  
dom number w i l l  d e f i n e  the row number af the degree of freedom 
i n  IRBT] . Each of these degrees  of freedom a r z  assuined t o  be 
i n  t he  same d i r e c t i o n  a s  i t s  corresponding r e f e r e n c e  degree of 
freedom. A nega t ive  va lue  i n  I JDoFJ i n d i c a t e s  a r e l a t i v e  (ver- 
s u s  abso lu te )  degree of freedom (e.g. ,  s l o s h ,  modal). The nega- 
t i v e  va lue  w i l l  cause t h a t  row of the  r e s u l t i n g r R B T 3  matr ix  LO 
be ze ro .  
degrees  of freedom a s s o c i a t e d  w i t h  the  r e f e r e n c e  p o i n t .  Negative 
s igns  onLJVEC1enables change from assumed r i g h t  hand system t o  
one you w i s h  t o  s p e c i f y .  Use zf these matrices w i l l  bc i l l u s -  
t r a t e d  i n  t he  example problem. 

A row of i n t e g e r s ,  CJVECJ , is i n p u t  t o  d e f i n e  the  

DESCUPTLON OF TECHNIQUE 

The 
terms of 
of  the re 

t r a n s l a t i o n  (JX, b y ,  6,) a t  t he  ith p o i n t  is given i n  
the t r a n s l a t i o n  ( b X ,  J Y ,  a,) and r o t a t i o n  (Ox, e,, 8,) 
f e r e n c e  p o i n t  by t he  v e c t o r  equa t ion  

A 
where Vi i s  the  v e c t o r  from the r e fe rence  p o i n t  t o  the ith 
p o i n t .  A l l  v e c t o r s  a r e  i n  terms of x, y ,  z components. 

r-"" The r o t a t i o n  a t  t he  ith p o i n t  i s  equa l  t o  the r o t a t i o n  a t  
the r e fe rence  p o i n t ,  as shown oy the v e c t o r  e q u s t i o n  



A t y p i c a l  r i g i d  body Lransformat ion  f o r  thc it'' poinL i s  
size 6x6 and looks  l i k e  

where 

- 
1. 

- 
v -v  
z Y 

I 0. 
1 

x 
0. v I 

I 

I 

1. 1 %  

0 .  
X 

1. I v -v  
Y - --------------- 

I 1. 
I 

1. 1 
I 

1. 
P 

V = t h e  x component of  t h e  v e c t o r  dib:ance i rom t k ?  
X r e f e r e n c e  p o i n t  t o  p o i n t  i ,  

V = t h e  y component of t h e  v e c t o r  d i s t a n c e  f rom t h e  
Y r e f e r e n c e  p o i n t  t o  p o l n t  i ,  

V = t h e  z component of die v e c t o r  d i s t a n c e  from t h a  
2 r e f e r e n c e  p o i n t  t o  p o i n t  i .  

The v e c t o r  d i s t a n c e  is c a l  . u l a t c d  by J s i n g  t h e  i th row of t h c  
m a t r i x  rXYZJ and t h e  v e c t o r  [XYZREFJ , e , g . ,  V,, i  = X Y Z  (i ,  1)- 
XYZREF(1). Using t h e  Forma Subrou t ine  REVADD, t h e  6x6 formed 
above is t hen  "revadded" i n t o  t h e  o u t p u t  m a t r i x  CRBTJ . The 
IVEC r e q u i r e d  f o r  REVADD is formed from t h e  i t h  row of t h e  i n -  
t e g e r  matrix ~ O F J  , ane  s i g n  modi f ied  1)y t h e  c o r r e s p o n d i n g  
s i g n s  of t h e  v a l u e s  i n  JVEC. The J V E C  r e q u i r e d  € o r  REVADD uses 
t h e  i n t e g e r  v c c t o r  CJVECJ . 
EXAMPLE 

A r i g i d  body t r a n s f o r m a t i o n  w i l l  be c a l c u l a t e d  f o r  t h e  
beam a s  shown i n  the s k e t c h  helow t h a t  w i l l  express t h e  r i g i d  
bcdy motions  of t h e  15 dof  i n  terms of node p J i n t  1 (the r e f c r -  
ence  p o i n t ) .  



Node 1 = 6 dof 
Node 2 = 3 dof 
Node 3 = 6 dof 

15 dof 

Input  d a t a  : 

L'XYZ'l = A matr ix  of s i z e  NNODES (number c;' nodes) x 3 used 
t o  d e s c r i b e  the coord ina te  l o c a t i o n s  
poin ts .  

X Y 2 .  

Node 1 0. 0. 

7. 3. 

14. 12. 

Node 2 

Node 3 

of the  node 

[XYZREF] = A v e c t o r  of size 3 used t o  d e s c r i b e  the coord ina te  
location of the re ference  poin t .  The re ference  
point. is assumed t o  be Node 1. 

X Y z 

Reference [o. 0. 0 1  

JDOFl = An i n t e g e r  matr ix  of ;e NNODES x 6 used L; des- 
c r ibe  the degree-of-.' lo3 t a b l e .  I n  this example 
t h e r e  are no 8 deg: :L ,.f freedom a t  !Jode 2. 



Node 1 

Node 2 

Node 3 

6x 6y 62 ex 6y ez 

1 2 3 4 5 6 

7 8 9 0 0 0 

io 11 12 13 14 15 

r J V E C ~  = An integer vector of s i z e  G used to define the 
degrees-of-freedom of the reference point.  

Reference 2 3 4 -5  67 
Using the above input data, the r i g i d  body transformation 

matrix, C ~ ~ B T J ,  is calculated such that 

115x1 = LRBT'15x6 (qREJ?16x1' 
That is ,  

6 

6 

6 

0 

8 

0 

6 

6 

6 

6 

6 

6 

6 

0 

0 

X 

Y 

z 

X 

Y 

Z 

X 

Y 

2 

X 

Y 

Z 

X 

Y 

Z 

Node 1 

Node 2 

Node 3 

L. I 
1- I 

1. I 
1 1. 
I 
I --+--- 

0.  4. -7. I 1. 

1. 

1. 

1. 1 - 6 .  0.  5 .  

+5. 0 .  

0.  -12. -14. 

0 .  10. 

0.  

I 
1 -12. 

I 1. 

1. 

" * I  14- +lo* 

I I 1. 

1. 
I 
I 
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Subroutine RBTC2 ca lculates  a r i g i d  body transformation 
.... matrix, [RBTJ , such that 

where 

Iq)  = displacements ( S,, Sr, S t ,  e,, 8,-, 6,) a t  se lected  
points  on d structure 

and 

= displacements ( 6,, aY, e,, B y ,  eZ> a t  a 
reference point . 14REF 

The following sketch is useful for identifying the variables 
involved. 

+Z 
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The c y l i n d r i c a l  coord ina tes  (x, r ,  $ )  of the s e l c c t c d  
p o i n t s  a r e  given by the  input  mat r ix  [XRa . ma has  the  x, r ,  $ coord ina te  of the iLh poinL. 
c o o r d i n a t e s  of the re ference  p o i n t  arc givcn by tlic inpuL ma- 
t r i x  [.ZREF] . 

i n  C . T J  . 
r o u t i n e  t o  d e f i n e  the  degree-of-freedom number of the  d i s p l a c e -  
ments of each poin t .  This  degree-of-freedom number w i l l  d e f i n e  
the  row number of the degree-of-freedom i n  LRBT] . 
value  i n  PWF] i n d i c a t e s  a r e l a t i v e  (versus  absolu te )  degree 
of freedom (e .g., s l o s h ,  modal). 
t h a t  row nf the  r e s u l t i n g  matrix t o  be zero .  A row of 
i n t e g e r s ,  [JVECJ 
a s s o c i a t e d  wi th  the  re ference  poin t  ( i .e. ,  the columns of 
pg). Use of these  m a t r i c e s  w i l l  be i l l u s t r a t e d  i n  the  
example problem. 

Tlic it11 row of  
Tlw x,  y, z 

The re ference  p o i n t  need n o t  be one of the p o i n t s  def ined  
A matr ix  of i n t e g e r s ,  F D O ~  , i s  input  t o  tlic 

A negat ive 

The negat ive  va lue  w i l l  cause 

, i s  i n p u t  t o  d e f i n e  the degree-of-freedom 

DESCRIPTION OF TECHNIQUE 

A C a r t e s i a n  r i g i d  body t ransformat ion  i s  formed f i r s t .  
The t r a n s l a t i o n s  ( ax,  Sy, 8,) a t  t h e  i t h  p o i n t  a r e  given i n  
terms of the  t r a n s l a t i o n s  and r o t a t i o n s  ( S x ,  ti,,, S,, Ox,  Oyr oz)  
of the r e f e r e n c e  p o i n t  by t h e  v e c t o r  equat ion  

where Vi is t h e  v e c t o r  from the  re ference  p o i n t  t o  the  i. 
p o i n t .  
t i o n s  a t  t h e  r e f e r e n c e  p o i n t  as shown hy the v e c t o r  e q u a t i c  i 

The r o t a t i o n s  a t  the  i t h  p o i n t  a r e  equal  t o  the 

A typ ica  1 c a r  t e s i a n  r i g i d  body t r a n s f o r m  t i o n  f o r  the i 
p o i n t  is s i z e  6x6 and looks l i k e  
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Vx = t h e  x component of the  v e c t o r  d i s t a n c e  from the  
r e f e r e n c e  p o i n t  to  p o i n t  "i", 

= XRT(i,l) - XYZREF(1) 
V = t h e  y component of the  v e c t o r  d i s t a n c e  from the  
Y re ference  p o i n t  t o  p o i n t  

= xRll(i,2).zrcos(XRT(i,3)) - :YZREF(2) 

V the  z component of the  v e c t o r  d i s t a n c e  from the  z r e f e r e n c e  p o i n t  to  p o i n t  "i", 

= XRT(i,2)$csin(XRT(i,3)) - XYZREF(3) 

Equation (1) may be w r i t t e n  i n  mat r ix  form a s  

It is now d e s i r e d  t o  t ransform { q C a r t \ +  from C a r t e s i a n  
c o o r d i n a t e s  t o  c y l i n d r i c a l  coord ina tes .  This may be done by 
us ing  a s i m p l e  r o t a t i o n  t ransformat ion  such  t h a t  



where 

Equat ion (3) may be expressed a s  

i 

S u b s t i t u t i n g  e q a a t i o n  (2) i n t o  equa t ion  (4) yields 

Using the FORMA Subroutine REVADD, the r e s u l t a n t  6x6 
formed i n  equa t ion  ( 5 )  i s  "revaddcd" i n t o  the ou tpu t  ma t r ix  
P T ]  . 
row of the i n t e g e r  ma t r ix  [JWF] , and the  JVEC r e q u i r e d  uses 
t he  i n t e g e r  v e c t o r  [JVEC] . 

The IVEC r equ i r ed  f o r  REVADD i s  formed from the ith 

EXAMPLE 

A r i g i d  body t r ans fo rma t ion  w i l l  be c a l c u l a t e d  f o r  t h e  



r ing ,  a s  shown i n  the sketch below,  that will csprcss  thc 
r i g i d  body motion of tlx 18 DOF's i n  t e r n s  of tile rcfcrciicc 
p o i c t  . 

+x 
Node 1 = 6 DOF 

2 Node 2 = 3 DOF 
Node 3 = 6 DOF 
Node 4 = 3 DOF 

18 DOF 
4 1 

/ 
3 

I 

I 
I I 

I -Rlq.". '  - 
I I 

3.2 
Ring Geometry : 

x = 100. 
Diameter = 180. 
Node Points  90. Degrees 
Apart 

Lnpu t da te : 

[XRT] : A matrix of s i z e  NNODES (number of nodes)x3, used 
t o  descr ibe  coordinate l o c a t i o n s  of the node 
p o i n t s .  

X r 4 
90. 

Node 3 

360. 

[XYZREF] : A s c a l a r  vector  of size 3 used t o  descr ibe  the 
coordinate loca t ion  of the reference  po in t .  

CJDOF] : An in teger  matrix of s i z e  NNODESx6, used t o  
descr ibe  the  degree-of-freedom t a b l e .  I n  t h i s  
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example, there  a r e  no r o t a t i o n a l  dcgrecs-of- 
freedom f o r  node poin t  2 and no t r a n s l a t i o n a l  

. degrees-of-freedom f o r  node p o i n t  4. 

MIF 
ax 8 r  a t  ex 8 ,  8, 

2 3 4 5 

8 9 0 0 

Node 3 11 12 13 14 15 

0 0 16, 17 18 

[JVECJ : An i n t e g e r  v e c t o r  of s i z e  6 ,  used t o  d e f i n e  the  
degr2es-of-frcedom of t h e  r e f e r e n c e  poin t .  

Dol? 
ax 8y 62 0 ,  8y e, 

Rcterencc P o i n t  [ 1 2 3 4 -5 67 

t h e  above i n p u t  d a t a ,  a rigid body t ransformat ion  matrix 
, is c a l c u l a t e d  such t h a t  



That is, 

e 

Node 

Node 4 - 

- - 
-60. 

I 
I 

1. 

f 
l *  1 70. 

-1. 60. -70. 
1 
J I. 
I 
I -1. 
1 

1. 1 r------- ------ 
30. 90. 1 

1 

1. 

-70. -1. 1 -30. 

I 
-1. 1 90.  -70. 

.. I 120. 

I 

I 
-1. 1 -70. 

1. I 120. 70. 

I 
I 

1. 

-1. 1 
I 

1. 
t 
I 
I 1. 

I 
I 1. - 

z 

EF 
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m 

d 
U 
a 

Q) a a 

0 

7 al u 
.d 

S u b r o u t i n e  READ r e a d s  a m a t r i x  of  real  numbers (a F o r t r a n  
term f o r  numbers w i t h  a dec imal  p o i n t )  from e i t h e r  c a r d s  o r  t a p e  
i n t o  t h e  computer. The mat r ix  is t h e n  p r i n t e d  so  t h a t  t h e s e  in -  
p u t  data are reco rded  w i t h  t h e  answers  of  a run.  
p r e s s i o n  o p t i o n  is a v a i l a b l e  f o r  a m a t r i x  r e a d  from t a p e .  
o p t i o n ,  t h e  m a t r i x  r e a d  from e i t h e r  c a r d s  o r  t a p e  may be  w r i t t e n  
on a t a p e  (by S u b r o u t i n e  WTAF'E). 

A p r i n t  sup-  
On 

- 
72 

72 

73-78 

73-78 

73-76 

73-78 
79-80 

The f i r s t  d a t a  c a r d  r e a d  by S u b r o u t i n e  READ c o n t a i n s  t h e  i n -  
fo rma t ion  t o  i n d i c a t e  whe the r  c a r d s  or t a p e  w i l l  be used.  The 
i n f o r m a t i o n  e n t e r e d  on t h i s  card (and subsequen t  c a r d s  f o r  c a r d  
i n p u t )  is g iven  bclow. 

Card Data I n p u t  Form 

Required e n t r i e s  are deno ted  by an * symbol below. Any o t h e r  
entry is o p t i o n a l  

Card 
Columns 

F i r s t  Card 1-6 

7-10 
11-15 
16-69 

A 

Format 
Type (1) 

A 

I 
I 
A 

o r  

or 

or 

o r  

or 
I 

Ent ry  

*Matrix Name. W i l l  appea r  

*Matr ix  Row S i z e .  
*Matrix Column S i z e .  

in p r i n t o u t .  

Any remarks t o  f u r t h e r  iden-  
t i f y  t h e  i n p u t  m a t r i x .  
$. Only i f  t h e  Write-Tape 
is t o  b e  i n i t i a l i z e d .  by Sub- 
r o u t i n e  INTAPE. The Write- 
Tape i d e n t i f i c a t i o n  w i l l  be  
from c a r d  columns 73-78. 
Anything o t h e r  t han  $ is t h e  
Write-Tape i s  no t  t o  be i n i -  
t i a l i z e d .  
The Write-Tape i d e n t i f i c a t i o n .  
(e .g . ,  T1234). Use w i t h  $ i n  
card column 72. 
REWIND. The Write-Tape will 
be rewound b e f o r r  be ing  used .  
LIST. The Write-Tape will be 
l i s t e d  by Subrou t ine  LTN'E 
a f t e r  t h e  m a t r i x  h a s  been 
w r i t t e n  on t h e  Write-Tape. 
Anything e l  sc' wil 1 \)e ignored. 
The Write-Tape Number. (c!.g., 21) .  
Blank i f  tile m a t r i x  is  n o t  to 
be w r i t t e n  on t a p e .  
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Card Format 
Columns Type (1) Entry 

Middle Cards 1-5 I *Row Number of m a t r i x  elements 
on card.  

ment i n  f i r s t  d a t a  f i e l d .  

e lements .  (2)  

elements .  (2 )  

elements .  (2 )  

elements .  (2 )  

6-10 I *Column Number of m a t r i x  ele- 

11-27 E * F i r s t  d a t a  f i e l d  w i t h  m a t r i x  

28-44 . 

45-61 E *Third d a t a  f i e l d  w i t h  mat r ix  

62-78 E *Fourth data  f i e l d  w i t h  m a t r i x  

E *Second d a t a  f i e l d  w i t h  m a t r i x  

Last Card 1-10 I *Ten zeroes .  

Nrte (1) Formdt Type A a l lows  any keypunch symbol. 
Format Type I a l lows  only i n t e g e r  numbers r i g h t  j u s t i f i e d  
i n  the  f i e l d .  Format Type E a l lows  only real  numbers 
( a  F o r t r a n  term for numbers w i t h  a decimal p o i n t )  any- 
where i n  t h e  f i e l d .  

.Note (2) Only nonzero elements need be e n t e r e d .  

As an example of c a r d  i n p u t  t o  Subrout ine READ cons ide r  t h e  
fo l lowing  matrix: 

- - 
1. 0. 3. 0. 6 .  5. 
0. 2.  4.  0. 0. 0. 

- 0. 7. 0. 0. 0. 0. - 
This  ma t r ix  i s  a l s o  t o  be w r i t t e n  on t ape  number 2 1  t h a t  is to  
be i n i t i a l i z e d  and i d e n t i f i e d  a s  T 4 3 3 4 .  Figure 1 demonstrates  
how t h i s  i n fo rma t ion  could be w r i t t e n  on a coding form t o  facili- 
t a te  keypunching t o  c a r d s .  
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Tape Data I n p u t  Form 

Required en t r ies  are denoted  w i t h  an * symbol below. Any 
other enrry is  o p t i o n a l .  Only one  c a r d  i s  used  f o r  e a c h  m a t r i x  
read .  

Card Format 
Columns Type (1) 

One Card 1- 6 A 

10 

7- 10 

11-15 

16-21 

22-2" 

22-75 

22-27 

I or 

I 

A 

or  

or 

E n t r y  

*Name of m a t r i x  t o  b e  r e a d  
from t h e  Read-Tape. 
Zero .  The Read-Tape w i l l  
move forward  from i t s  p r e s e n t  
pos i t i on  and s e a r c h  t o  t h e  
end of t h e  t a p e .  I f  t h e  
m a t r i x  is n o t  found upon t h e  
f i r s t  end-of- tape e n c o u n t e r ,  
t h e  t a p e  w i l l  a u t o m a t i c a l l y  
rewind and make one more 
p a s s .  I f  i t  Is no t  found on 
t h e  secopd end-of- ta ;e  en- 
c o u n t e r ,  an e r r o r  message 
w i l l  be p r i n t e d  and t h e  pro- 
gram w i l l  s t o p .  
Minus t h e  l o c a t i o n  number of 
matrix on t h e  Read-Tape. Tape 
w i l l  b e  p o s i t i o n e d  a t  t h e  be- 
g i n n i n g  of t h e  l o c a t i o n  speci- 
f i e d  and then  c o n t i n u e  as 
d e s c r i b e d  above f o r  a z e r o  
i n  column 10. 

If p o s i t i v e ,  :he matrix r e a d  
w i l l  be p r i n t e d  i n  t h e  o u t p u t .  
I f  n e g a t i v e ,  t h e  m a t r i x  r e a d  
w i l l  n o t  be  p r i n t e d  i n  t h e  
o u t p u t .  

*Run number of matrix zo be  
r e a d  from t h e  Read-Tape. 
REWIND. The Read-Tape w i l l  
b e  rewound b e f o r e  b e i n g  used.  
LIST. The Read-Tapc w i l l  he  
l i s t e d  by S u b r o u t i n e  LTAPE. 
Allything else w i l l  be Cor iLic i -  

e r e d  as p a r t  of t h e  remarks 
d e s c r i b e d  below. 

*The Read-Tape Number. ( e . g . ,  1 1 ) .  



Card Forna t  
Columns 'rype (1) Ent ry  

Note 

26-69 A 

- 72 

72 o r  

73-78 A 

72- i8  

7 3- 76 

73-78 
79-80 

- 

or 

or 

o r  

or 
I 

Any remarks ta  f u r t h e r  iden-  
t i f y  the i n p u t  m a t r i x .  
$. Only i f  t h e  Write-Tape 
i s  t o  be i n i t i a l i z e d  L v  Sub- 
r o u t i n e  I N T A P E .  The Wri te-  
Tape i d e n t i f i c a t i o n  + . I 1  $< 

from c a r d  columns 73-78. 
Anything o t h e r  than  $ i f  the 
Write-Tape i s  n o t  t o  be i n i -  
t i a l i  zed. 
The W:'ite-Tape i d e n t i f i c a t i o n .  
( e . g . ,  T!-234). Use w i t h  $ i n  
c a r d  tnlumn 72 .  
REWIND.  The Write-Tape w i l l  
be  rewound b e f o r e  be ing  used.  
LIST. The Write-Tape will 
be  l i s t e d  by Subroi l t ine  LTAPE 
a f t e r  t h e  m a t r i x  h a s  been 
w r i t t e n  on the Write-Tape. 
Anything e l s e  w i l l  be  ignored .  
The Wri te-Tape Number. ( e .  g. , 21). 
Blank i f  t h e  m a t r i x  is n o t  
to be  w r i t t e n  on taQe. 

(1) Format Type A a l l o w s  zn:v keypunch svmbol. 
Format Type I a l l o w s  only i n t e g e r  numbers r i g h t  j u s t i -  
f i e d  i n  t h e  f i e l d .  

As examples of t a p e  i n p u t  t o  S u b r o u t i n e  Read c o n s i d e r :  

Example 1. A matr ix  nerned AB2 w i t h  run number of  RUN-46 is  LO 

be r e a d  from t a p e  number il i n t  2 t h e  computxr and 
p r i n t e d .  T h i s  m a t r i x  is  a l s o  t o  be w r i t t e n  on t:;re 
number 22 t h a t  is t o  be i n i t i a l i z e d  and i d e n t i f i e d  
as T4321 .  

A matrix named XYZ4 w i t h  run  number of 'WD ?s  c)ri t a p e  
number 13 twice. The f i r s t  rime i s  a t  l o c a t i o n  29  
and t h e  second t i m e  i s  a t  l o c a t i o n  5 4 .  It  i s  d e s i r e d  
to  r e a d  t h e  second matrix. 

Example 2. 

F i g u r e  2 demons t r a t e s  how t h e s e  t v o  Examples w d d  be w r i t t e n  
on a coding  form t o  f a c i l i t a t e  keypunching t o  carc!c 
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Subrout ine READIM r e a d s  a m a t r i x  of i n t e g e r  numbers from 
- e i t h e r  cards  or t a p e  i n t o  t h e  computer. The mat r ix  is then p r i n t e d  
so t h a t  t h e s e  input  d a t a  &re recorded with t h e  answers of a run. 
A p r i n t  suppression opt ion  is a v a i l a b l e  f o r  a matr ix  read from 
tape.  On opt ion ,  t h e  mat r ix  read from e i t h e r  c a r d s  cr t a p e  may 
5e w r i t t e n  ori 1 t a p e  (by Subrout ine ii’APE). 

The f i r s t  d a t a  card read by Subrout ine READI?! conta ins  t h e  
i n f o m t i o n  t o  i n d i c a t e  w h e t i i ? r  sards o r  tape  w i l l  be used. 
ir lformation en tered  on t h i s  card (and subsequent cards for card  
i n p u t )  is given b e l o w .  

The 

Card Data Input  Fom 

Requited e n t r i e s  are denoted by an * symbol below. Any other 
ent ry  is o p t i o n a l .  

First Card 

Card Format 
Columns Type I l l  

1-6 

7- 10 
11-15 
16-69 

72 
- 

72 

73-78 

73-78 

73-76 

73-78 
79-80 

I.. 

A 

I 
I 
A 

or 

A 

or 

or 

or 

or 
I 

Entry 

*Matrix Name. Will appear 

W a t r i x  Row Size .  
*Natrix Cclumn Size. 

i.1 p r i n t o u i .  

Any remarks t o  f u r t h e r  iden- 
t i f y  t h e  input  matrix.  
$. Only i f  the  Writ-e-Tape 
is t o  be i n i t i a l i z e d  by Sub- 
r o u t i n e  I!JTXPE. The Write- 
Tape i d e n t i f i c a t i o n  w i l l  be 
from card columns 73-78. 
Anything o t h e r  than  $ i f  t h e  
Write-Tape i s  not t o  be in i -  
t i a l i z e d .  
The Write-Tape i d e n t i f i c a t i o n .  
( e . g . ,  T1.234). Use w i t h  $ 
card  column 72.  
REWIND. ‘ lhe  Write-Tape =ill 
be rewound before  being u s e d .  
LIST. The Write-Tape w i l l  
be l i a t e d  by Stibroutine LTAPE 
a f t e r  the mat r ix  has beer? 
w r i t t e n  on t h e  Write-Tape. 
Anything else wi1 .1  be ignored. 
The Write-Tape Number. (e.g., 2 1 ) .  
Blank i f  The m a t r i x  i s  mt 
t o  be w r i t t e n  on tape.  



Card Format 
Columns Type (1) Entry 

v Middle Cards 1-5 I *Row Number of matr ix  elements  
on card.  

ment i n  f i r s t  d a t a  f i e l d .  

e lements .  (2) 

elements.  (2) 

6-10 I *Calumn Number of matrix ele- 

11-15 I * F i r s t  d a t a  f i e l d  with matr ix  

16-20 I *Second d a t a  Zie ld  w i t h  matrix 

etc  
76-80 I *Fourteenth d a t a  f i e l d  w i t h  

mat r ix  elements. (2) 
L a s t  Card i-10 I *Ten zeroes. 

Note (1) Format Type A a l lows any keypunch symbal. 
Format TyFe I al lows only i n t e g e r  numbers r i g h t  jwti- 
f i e d  i n  the f i e l d .  

Note (2) Only nonzero elements  need be entered .  

As an  example G f  card i n p u t  to Subrout ine READIF1 cons ider  t h e  
fo l lowing  matrix:  

[Al*C, 
r 1 

I 1 3 x 6 =  1 1  0 3 0 6 5 

1 0 2 4 0 0 0  I 

This natrix is a l s o  t o  be w r i t t e n  on tape number 2 1  t h a t  i s  t o  
be i n i t i a l i z e d  and identifieJ as T 4 3 3 4 .  Figure 1 demonstrates 
how this information Lould be w r i t t e n  on a coding forrc to  f a c i l i -  
ta te  keypunching to  cards .  





9 . e  Data I n p u t  Form 

Requi red  e n t r i e s  are denoted  w i t h  a n  JI symbol below. 
other entry is optional. 
sead . 

Pny 
Only one  card is used  f o r  each  m a t r i x  

Card Format 
Columns Type (1) En t ry  

7- 10 

11-15 

16-21 

22-27 

22-25 

22-2 7 

I 

A 

One Card 1-6 A *Name o f  m a t r i x  t o  be r ead  

10 Zero. The Read-Tape w i l l  
f rom t h e  Read-Tape. 

move fc rward  from its p r e s e n t  
p o s i t i o n  and s e . x c h  t o  t h e  
end o f  t h e  t a p e .  I f  t h e  
m a t r i x  is n o t  found upon t h e  
f i r s t  end-of- tape e n c o u n t e r ,  
t h e  t a p e  w i l l  a u t o m a t i c a l l y  
rewind and make one more p a s s .  
I f  i t  is n o t  found on t h e  
second end-Jf- tape encoun te r ,  
an  e r r o r  message w i l l  be  
pr in te r !  and t h e  program w i l l  
s t o p .  

I or Minus t h e  l o c a t i o n  number of  
m a t .  ix on t h e  Read-Tape. 
Tape w i l l  be  p o s i t i o n e d  a t  
t h e  beg inn ing  of  t h e  l o c a t i o n  
s p e c i f i e d  and then  c o n t i n u e  
as d e s c r i b e d  above f o r  a zero 
i n  column 10. 

I f  p o s i t i v e ,  t h e  matr ix  r e a d  
w i l l  be  p r i n t e d  i n  t h e  o u t p u t .  
I f  n e g a t i v e ,  t h e  m a t r i x  r e a d  
w i l l  n o t  be p r i n t e d  i n  the  
o u t p u t .  

*Run number of matrix t o  be 
r e a d  Crcxi t h e  Read-Tape. 
REWIND. The Read-Tare w i l l  
be  rewound b e f o r e  b e i n g  used .  

l i s t e d  by S u b r o u t i n e  1,TAPE. 

sidered as p a r t  of the r c n a r k s  
d e s c r i b e d  b e l  ow. 

*The Rea<-Tape Numher. ( e . g . ,  11). 

or LIST. T h e  Read-Tape w i l l  be 

or Anything e l se  will hd con- 



Card 
Columns 

Format 
Type (1) 

REAL)I?1--5 / 6  

E n t r y  

28-69 

72 
- 

72 

73-78 

73-78 

73-76 

A 

o r  

A 

or 

o r  

?3-78 o r  
79-80 I 

or 

Any remarks  t o  f u r t h e r  iden-  
t i f y  t h e  i n p u t  m a t r i x .  
$. Only i f  t h e  Write-Tape 
is  t o  b e  i n i t i a l i z e d  by Sub- 
r o u t i n e  INTAPE. The Write- 
Tape i d e n t  i f  i c a t  5 on w i l l  be 
f rom c a r d  columns 73-78. 
Anyth ing  o t h e r  t h a n  $ i f  t h e  
Wrice-Tape is n o t  to  be  i n i -  
t i a l i z e d .  
The Write-Tape i d e n t i f i c a t l o n .  
(e .g . ,  T1234). Use w i t h  S i n  
c a r d  column 72. 
REWIND. The Write-Tape w i l l  
be  rewound b e f o r e  b e i n g  used.  
LIST. The Write-Tape w i l l  
be l i s t e d  by S u b r o u t i n e  LTAPE 
a f t e r  t h e  m a t r i x  h a s  been  
w r i t  t e n  on t h e  W r i  te-Tape . 
Anything  e lse  w i l l  b e  i g n o r e d .  
The Write-Tape Xdmber. (e .g . ,  21). 
Blank i f  t h e  matrix is  n o t  
to be  w r i t t e n  on t ape .  

Note (1) Format Type A allows any k e y p m c h  symbol.  
Format Type I allows o n l y  Ln tege r  nurnbers r i g h t  j u s t i -  
f i e d  i n  t h e  field. 

As examples  o f  t a p e  i n p u t  t o  S u b r o u t i n e  READIM c o n s i d e r :  

Example 1. A m a t r i x  named AB2 w i t h  run  number of RUN-46 is t o  
b e  r ead  from t a p e  number 11 i n t o  the computer and 
p r i n t e d .  This matrix i s  a lso t o  be w r i t t e n  on t a p e  
number 22 t h a t  is t o  be  i n i t i a l i z e d  and i d e n t i f i e d  
as T4321. 

A m a t r i x  named XYZ4 w i t h  r u n  number of TKD i s  on t a p e  
number 1 3  twice. The first t ine i s  a t  l o c a t i o n  29 and 
t h e  second time is  a t  l o c a t i c n  54.  I t  is  d e s i r e d  t o  
r e a d  t h e  second  matrix.  

Example 2. 

F i g u r e  2 demons t r a t e s  how t h e s e  two examples  would he w r i t t e n  
on  a cod ing  form t o  f a c i l i t a t e  keypunching to  c a r d s .  
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Subrout ine READO r eads  a m a t r i x  of o c t a l  numbers from ca rds  
i n t o  t h e  computer. The m a t r i x  is t hen  p r i n t e d  s i d e  bv s i d e  i n  
b o t h  o c t a l  and decimal so t h a t  t h e s e  i n p u t  d a t a  are recorded wi'tli  
t h e  answers of  a run. 

The primary purpose of Subrou t ine  READO is  t o  read a m a t r i x  
from punct.ed c a r d s  without  round o f f  e r r o r .  T h e  c a r d s  are punched 
by Subroilt ine PUYCHO. Octal r e p r e s e n t a t i o n  of the ma t r ix  elements 
is used because i t  g i v e s  an e x a c t  r e p l i c a  of the b ina ry  number 
used by a d i g i t a l  computer. A decimal r e p r e s e n t a t i o n  w i l l  n o t  
g i v e  an e x a c t  replica. The ma t r ix  on punched c a r d s  i s  t o  be used 
only as a n  emergency backup f o r  t h e  matrix w r i t t e n  on a s t o r a g e  
t ape .  

Secause of t he  emergency backup Gature  of i n p u t  d a t a  t o  t h i s  
Subrout ine READO, on ly  c a r d s  are read.  
o p t i o n s  are a v a i l a b l e .  

No t a p e  r ead ing  or w r i t i n g  

The in fo rma t ion  e n t e r e d  on t h e  d a t a  ca rds  i s  given below. 
Required e n t r i e s  are denoted by an * symbol. 
o p t i o n a l .  

Any o t h e r  e n t r y  i s  

Card Format 
Columns Type (1) En t r y  

F i r s t  Card 1-6 

7-10 
l i -15  
16-6 9 

Middle Cards 1-5 

6-10 

14-25 

44-55 

Last Card 1 - 1 C  

A *Matrix N a m e .  (Wil l  appear 

I *Matrix Row S ize .  
I *Katrlx Column S i z e .  
A Any remarks t o  f u r t h e r  iaen-  

I *Row Number of ma t r ix  elements 

I *Column Number of m a t r i x  e l e -  

0 * F i r s t  data  f i e l d  w i t h  m a t r i x  

0 *Second d a t a  f i e l d  w i t h  ma t r ix  

0 *Third d a t a  f i e l d  w.I.th ma t r ix  

I *Ten ze roes .  

i r .  p r i n t o u t . )  

t i f y  t h e  i n p u t  ma t r ix .  

on card.  

ment i n  f i rs t  d a t a  f i e l d .  

e lements .  ( 2 )  

elements .  ( 2 )  

e lements .  ( 2 )  

Note (1) Format Type  A al lows any keypunch symbal. 
Format Type I al lows only i n t e g e r  numbers r i g h t  j u s t i -  
f i e d  i n  t h e  f i e l d .  Format Type 0 al lows only o c t a l  
numbers. 

Only nonzero elements  need be e n t e r e d .  Note (2) 



READO--?/? 

So examples of input are given hecauss d a t a  would n o t  b e  key- 
punched for input to  Subroutine READ0 but rather obtained from 
Subroutine PUNCHO. 



REVADD--1/5 

Subrout ine REVADD r e a r r a n g e s  ( r e  'ises) t h e  rows and columns of 
a m a t r i x  [A] ,  m u l t i p l i e s  [AI by a scalar a l p h a ,  and adds t h e  re- 
s u l t  t o  a p rev ious ly  de f ined  m a t r i x  [%] .  T h r  r e v i s i o n  of [ A ]  is  
s p e c i f i e d  by two v e c t o r s .  The f i r s t  vec to r  { I V E C I  g i v e s  the new 
row l o c a t i o n  of each row of [ A ]  i n  [ Z ] .  
gives t h e  new column l o c a t i o n  of each col.umn of ( A ]  i n  [Z) . The 
[ Z ]  maLrix must  be de f ined  b e f o r e  the USE of t h i s  s u b r o u t i n e .  For 
i n s t a n c e ,  i f  [Z] is t o  be o r i g i n a l l y  de f ined  as a l l  z e r o s ,  Subrou- 
t ine ZERO could be used. The REVADD o p e r a t i o n  can be thought of 
i n  s u b s c r i p t  n o t a t i o n  as 

The second v e c t o r  :JVEC) 

i j  
z ( o u t )  = zklL ( i n )  + IL a kll 

i = 1, N U '  
j = 1, i iCA) 

where 

9. = JVEC(j!. 

NRA is t h e  number of rows of [ A ] ,  and NCA is t h e  number of columns 
of  [A]. 

Values i n  (IVECI and {JVESI may be p o s i t i v e ,  nega t ive  or zero.  

A ze ro  va lue  omits  t h e  corresponding row o r  
A nega t ive  va lue  changes t h e  s i g n  of t h e  corresponding row o r  
column of [A] i n  [ Z ] .  
column of [A] from [Z ] .  The velues are i n t e g e r  numbers. 

Th i s  s u b r o u t i n e  may be c a l l e d  r epea ted ly  t o  form [ Z ]  from t h e  
r e v i s i o n / a d d i t i o n  of s e v e r a l  [ A ]  ma t r i ces .  

An Important  use of Subrout ine REVADD is  t o  r e v i s e  and add the 
s t i f f n e s s  m a t r i x  of a s t ruc tu ra l  component t o  t h e  s t i f f n e s s  ma t r ix  
of t h e  complete s t r u c t u r e  t o  account f o r  t h e  d i f f e r e n c e  i n  coor- 
d i n a t e  sys tems. 

EXAMPLES 

The f i r s t  example t o  i l l u s t r a t e .  t he  REVADD o p e r a t i c n  i s  a'; 
f ollowa: 

Matrix [Z] has been p rev ious ly  de f ined  as 

tl 

iZJ4X5 

1. 0. 0 .  0. 0. 

0 .  2 .  0. 0. 0. 

0 .  0. 3. 4. 5 .  

U. 0. 0. 0. 6 .  



REVADD--2/ 5 

L e t  [ A ]  be d e f i n e d  as 

LA13x2 = [.: ::] 
5 .  6 .  

The f i rs t  row of  [ A ]  is  t o  be  added t o  t h e  t h i r d  row of [ Z ] ,  t h e  
second row of  [A] is t o  be  o m i t t e d  from [ Z ] ,  the. t h i r d  row of ( A ]  
is  to  be  added t o  t h e  first row of  [ Z ] ,  w i t h  t h e  s i g n  of each  
element r eve r sed .  

Thus { IVECI 3x1 

The f irst  column o f  [ A ]  is t o  be added t o  t h e  second column of [ Z ]  
w i t h  t h e  s i g n  o f  e a c h  e lement  r e v e r s e d ,  t h e  second column of [ A ]  
is to  be  added t o  t h e  f i f t h  column of [ Z ] .  

Thus (JVEC)Zxl = [:I. 
Then, assuming (r = 1.0 and p l a c i n g  (IVEC) and {JVEC) a d j a c e n t  t o  
[A]  t o  a i d  i n  v i s u a l i z i n g  t h e  r e v i s i o n  of [ P I ,  we have 

1. 

[:: s 

0. 

2. 

0.  

0 .  

0 .  

2 .  

0. 

0 .  

0. 0 .  

0 .  0. 

3.  4 .  

0. 0. 

0 .  0. 

0. 0 .  

3.  4. 

0. 0. 

0.  

0 .  

5. 

6 .  

0 .  

0. 

5. 

6 .  

I -2 

+ 1.0 [-;I[* 3 .  

5. 

+ 1.0 [:]E: - 3 .  G .  0 .  

- 5 .  0 .  0 .  6 .  



KEVADD--3/5 

1. 0. 

2. 

= ~ :  0 .  

0. 0. 

1. 5 .  

0. 2. 

0. -1. 

0 0. 

0. 

0.  

3. 

0. 

0. 

0. 

3. 

0. 

0. 

0. 

4 .  

0. 

0. 

0. 

5. 

6 .  

0. -6. 

0. 0 .  

4 .  7. 

0. 6. 

0. 

0. 

0 .  

+loo[  0. 

5 .  

0. 

-1. 

0. 

0. 

0 .  

0 .  

0. 

d. 

0 .  

0 .  

2. 

-6. 

2 .  

0. 

A second example of the use of t h i s  subroutine demonstrates 
the  coordinate transformation concept which i s  a very important 
application of REVADD. I t  is desired to  transform a s t i f f n e s s  
matrix from an original  coordinate system (subscript 1) t o  a 
f i n a l  coordinate system (subscript 2) as shown i n  t h e  sketch below. 

For this example, the  stiffness matrix i n  the original co.>r:dinate 
system is assumed to  be 

[ :: 1: '?* 

4 .  5. 6.  



KEVADD--4/5 

From i n s p e c t i o n  of t h e  coord ina te  sys*em axes  i n  t h e  above s k e t c h ,  

To o b t a i n  t h e  v e c t o r  on t h e  r i g h t  hand s i d e  of t h e  equat ion:  

x l  of t h e  o r i g i n a l  c o o r l i n a t e  s y s t e m  is t o  be  t h e  second 
row of t h e  f i n a l  coord ina te  s y s t e m  wi th  t h e  s i g n  r eve r sed .  

y1 of tho o r i g i n a l  coord ina te  system is t o  be t h e  t h i r d  
row of  t'.ie f i n z  1 coord ina te  s y s t e m .  

z1 of t h e  o rLg ina l  coord ina te  s y s t e m  is t o  be t he  f i r s t  
row of t h e  f i n a l  coord ina te  s y s t e m  wi th  t h e  s i g n  r eve r sed .  

The {IVEC} t o  accomplish t h i s  change is 

(IVEC13xl = 11 
4. 

Apply t h i s  (IVEC) as t h e  ( I V E C t  and {JVXC) t o  t h e  o r i g i n a l  s t i f f -  
ncs: mat r ix  t o  o b t a i n  t h e  f i n a l  s t i f f n e s s  ma t r ix .  T h i s  a p p l i c a t i o n  
i~ -nalogous t o  t h e  Change in coord ina te s  w i e  i n  t h e  t r i p l e  ma t r ix  
product  procedure.  

E-2 : -11 

[I[;; I; i] :: ;. ,. :;I 
-s. -2. 

The above REVADD procedure r e y  be compared w i t h  the more conven- 
t ional  t r i p l e  m a t r i x  producc procedure below. 



The e q u a t i o n  Lor t h e  c o o r d i n a t e  t r a n s f D r n a t i o n  ~ ~ , u l d  be 

The s t r a i n  ene rgy  e x p r e s s i o n  w i t h  t h e  s t i f f n e s s  m a t r i x  i s  
T . i v e a  by U = (9) iK!  { q l .  or  f o r  c o o r d i n a t e  s y s t e m  1, 

-: j 
21 

S u b s t i t u t i n g  Equat ion  (1) i n t r ,  ( 2 )  g i v e s  

t h u s  t h e  i n n e r  t r i p l e  m a t r i x  p r o d u c t  g i v e s  t h e  s t i f f n e s s  w t r i x  
i n  c o o r d i n a t e  sys t em 2:  i . e . ,  

6. 4 .  -5. 

1. - 2 .  

-2. 3 .  

which is t h e  same r e s u l t  as that q b t a i n e d  from tire REVAilD procedure .  

The advan teges  o f  u s i n g  t h e  REVADD procedur:: over t h e  t r i p l e  
m t r i x  p r o d u c t  procedure are: 

1) Leas computet time; 

2)  Less computer core is used ;  

3)  Usu, , l ly  easier t o  code t h e  { X l r E C /  ( t h u s  (JVECI) 
thaii t o  code t h e  t rass f  ormat  ion miit r i x .  



ROUMLT 

Subroutine R O W T  evaluates a special matrix operation by 
d t i p l y h g  each row of a matrix [B] by a scalar. That is, 

w' ?re z = a  b i j  i ij 

T {bi). denotes tow i of [B]. Each scalar a is an element of the i 
input vector {AVEC). 
the size of {AVEC). NC is the number of c o l m s  i n  [B] and [Z] .  
The number of elements of {AVEC) must be equal to the nunber of 
rows of [B). 

NR is the number of LSWS in [B] and [ Z ]  and 

MA'IPLE 

Consider the input of 

The output will be 

[z12x3 * [-3. * *  17. [4. 5 .  2 *  -3*11 6.1 

= [-::: 4. - 6 1  
-15. -18. 



RTAPE 

Subroutine RTAPE r e a d s  a sel Zted matrix Erom tape  (d isk)  i n t o  
The mat r ix  tp be s e l e c t e d  is i d e n t i f i e d  by t h e  g/i t h e  computer core. 

d e s i r e d  r u n  number and mat r ix  &ne. 
by searching  t h e  matrix headinks ( see  Subroutine UTAPE wri teup)  
u n t i l  a match wi th  t h e  d e s i r e d  r u n  number and matrix name is ob- 
ta ined  and then  reading  t h e  mat r ix  e lements  from t a p e  (disk)  i n t o  
t h e  computer core .  The s e a r c h  starts from t h e  c u r r e n t  p s s i t i o n  
(does not rewind) of t h e  t a p e  (d isk)  and proceeds t o  t h e  EOT (end 
of  t a p e  def ined  i n  Subrout ine WTAPE writeup) .  
m a t r i x  was n o t  found upon reaching t h e  EOT, a rewind is performed 
and one amre s e a r c h  ' 0  tb.e EOT is made. If t h e  d e s i r e d  matrix is 
again not found, (1) an e r r o r  message is p r i n t e d ,  ( 2 )  a l i s t i n g  
of t h e  mat r ix  headings is p r i n t e d  (see Subrout ine LTAPE writeup!, 
and (3) t r a n s f e r  is made to Subrout ine ZZBOMB where t h e  program 
is terminated. 

This  procedure is accomplished 

I f  t h e  d e s i r e d  



SIGNA 

Subroutine SIGMA generates a square matrix with elements on 
and below the diagonal equal to one and above the diagonal equal 
to zero. That is, 

2 = 1. 
ij 

a = 0 .  
ij 

In matrix notation, 

1. 
1. 1. 

l.... 1 

where N is the size of [Z]. 

This subroutine is useful in calculating the S U ~  of all quan- 
tities of a given collection. The name of the subroutine comes 
from the algebraic notation for this process, that is, E. 

As an example of the use of this subroutine, consider the fol- 
lowing beam with lcads p at discrete points on the beam: i 

1 2  3 4 '  

The shear to the right; of each point (i) on the beam is 

i 

j =l 

or in matrix notation, 

i. 0. 0. 0. 
1. 1. 0. 11 
1. 1. 1. 0. 

1. 1, 1. 1. p4 - 



Subrout ine SMEQl gives t h e  s o l u t i o n  of l i n e a r  s imultaneous 
a l g e b r a i c  equat ions.  
form as 

These equat ions  are expressed i n  matrix 

where [ X j  and i B 1  are known and CZ3 is t o  be c a l c u l a t e d .  N is 
t h e  s ize  of t h e  system. The method, with which Gauss's name is 
a s s o c i a t e d ,  c o n s i s t s  oi a chain  of success ive  e l i m i n a t i o n s  by 
which the o r i g i n a l  system is transformed i n t o  a system wi th  a 
upper t r i a n g u l a r  matrix whose s o l u t i o n  is e a s i l y  c a l c u l a t e d .  
modi f ica t ion  of t h e  s tandard  technique is used i n  t h e  subrout ine .  
That is. t h e  l a r g e s t  p i v o t a l  d i v i s o r  is searched f o r  and iised. 
me r G w s  are interchanged when necessary t o  accomplish t h i s .  This  
technique w i l l  g i v e  t h e  most a c c u r a t e  r e s u l t s  s i n c e  d i v i s i o n  by 
small numbers w i l l  b e  avoided. 

A 

DESCRIPTION OF TECHNIQUE 

Given a system of "N" l i n e a r  a l g e b r a i c  equat ions ,  

all z1 + a12 z2 + . . . + alpi zN = bl 

aZ1 z1 + a22 z2 + . . + alN zN = bS 

aN1 z1 + aN2 z2 + . . . + aNN zN = bN. 

The procedure used t o  o b t a i n  (2)  is as fol lows:  

1) The l a r g e s t  c o e f f i c i e n t  of zI is found. 

which t h i s  occurs  is interchanged with t h e  f i r s t  equa t ion;  

The equat ion  i n  

11 ; 2) 

3) 

Div ide  t h e  new f i r s t  equat ion by t h e  new a 

Alter Equations 2 through N by s u b t r a c t i n g  from t h e  i 
equat ion  the value  a 

2).  This is  done f o r  i = 2 ,  3, . . . N. 
t h  

times t h e  f i r s t  equa t ion  from s t e p  il 



After these three steps, a new but equivalent system of equations 
rest-its : 

- 
bl.l 

b2, 2 

- 
+a2N.1 'N - b2.1 2 + . .  22.1 '2 + a23.1 3 a 

+ .  . . + a ~ ~ . i  'N - - bx.i 
a N2.1 '2 + 'N3.1 23 

where the subscript (.1) designates the first elimination. The 
variable z has thus been eliminated from Equations 2 through N. 1 

Steps 11, 21, and 3) above are repeated on Equations 2 through 
N such that z is also eliminated. 

til an equivalent system of equations is of triangular form as 
shown below. 

This process is continued un- 2 

This process is referred to as the forward solution. 

1 1N. 1 a a 12.1 13.1 a 

... a 23.2 2N. 2 
a 1 

1 

1 2 

2 2 

N 2 

The bac.. solution for { Z )  from the above system of equations 

is easily found from the (N-1) Equation and so on until all 
gives no problem since z is immediately given as b Next 

'N-1 
z are known. i 

N N.N' 
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W P L E  -- 
The following data  are g i v e n  as input,  

Thus the  equations to be scilved are 

Using the  technique descxibed previous ly ,  the  reader can v e r i f y  
the output to be  

-19.00 

= [ 29.3.] 

-12.00 . 
REFERENCE 

Faddeeva, U. N . :  ComputationaZ Methods of Linear Algebra. 
Dover Publ icat ions  Inc . ,  New York, 1959. 
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Subroutine SRED2 opera tes  on the  s t i f f n e s s  matrix [A] t o  form a 
reduced s t i f f n e s s  matr ix  [R]  and/or the  reducing t ransformatian 
[TI .  The r e l a t i o n  between the  s t i f f n e s s  mat r ix  [ A ]  , displacements 
tx), and appl ied  fo rces  {B} may, be expressed i n  matr ix  form as 

The reduct ion method assumes Eq [l] t o  be  p a r t i t i o n e d ' a s  

where {X 1 are the  displacements t o  be  reduced ou t  and {X, l  
are the  displacements t o  be re ta ined .  The appl led  fo rces  ac t ing  
on the  coordinates  t o  b e  reduced are assumed t o  be  zero ,  such t h a t  

1 

Subs t i t u t ing  Eq [3] i n t o  Eq [2]  and expanding the  upper p a r t i t i o n ,  
w i l l  y i e l d  the  reduced displacements in terms of the  re ta ined  
displacements as 

Expanding t h e  lower p a r t i t i o n s  of Eq [2] and s u b s t i t u t i n g  Eq [4) 
w i l l  y i e l d  the  reduced s t i f f n e s s  matrix as 

where (R] is t h e  reduced s t i f f n e s s  matr ix  and is  expressed as 

The reducing t ransformation [TI may be  expressed using Eq [4]  as 



where 

Also 

DESCRIPTION OF TECHNIQUE 

This  subrout ine  uses  Gauee reduct ion  p a r t i a l l y  completed t o  form 
matrix [R] and [TI from s t i f f n e s s  matrix [ A ] .  As an example of 
t h e  method, cons ider  t h r e e  simultaneous e q u a t i o n s  of t h e  fo l lowing  
form 

all x1 + 'al2 x2 + a13 x3 = bl 

a21 x1 + a22 x2 + a23 x3 = b2 

a31 '1 i- "32 x2 + a33 x3 e; b3 

These equat ions  may b e  w r i t t e n  i n  m a t r i x  form as 

Solve t h e  f i rs t  Equation f o r  x1 as 

b. 
A x + -  al 3 

a x2 -- - a12 x l = -  - 
11 all 

S u b s t i t u t i n g  Eq [12] i n t o  " e  second and t h i r d  e q u a t i o n s  i n  Eq [11] 
and d i v i d e  t h e  f i r s t  by all r e s u l t s  i n  

* 
a12 
* 

a22 
* 
32 a 



where 
* a12 

a12 = B 
~ 11 

* a13 
"-a13 all 

E -  

* a12 a21 a22 = a - 
11 22 a 

* - a13 a21 
a23 a23 

* - a13 a31 
a33 = a33 a.. II 

* bl bl * - 
11 a 

* bl a21 b2 = b2 - 
11 a 

b3 * = b3 - bl ,'31 

11 a 

Solve the  second equation f o r  x which will yield 2 
a53 x 2 = -  - 

a* a22 22 
* x + -  

Subet i tu tr  Eq [23] i n t o  the third equation i n  Eq [13]  and d i v i d e  
the  second equation by a;2. This r e s u l t s  i n  

- * 
a;2 a 13 

** 
'2 3 

33 

1 

0 a 
** 
- 

c * 

b 
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where * 
** a23 

a23 = - * 
a22 * *  

** * a23 a32 
a33 = a33 - * 

a22 

** 
b2 = - * 

a22 

b3 = b3 * 
a22 

* *  
** * - b2 a32 

The reduced s t i f fness  matrix has been formed and is contained as the ** 
33 a 

{X1 1 

element. 

{$ 
{x21 = tx31 

This can be 

'I a2 2 

shown if in Eq [ 2 ]  we let 

{B21 = b 3  
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S u b s t i t u t i n g  Eq [31] through I341 i n to  Eq 16) r e s u l t s  i n  a reduced 
s t i f f n e s s  mat r ix  of t h e  form 

a21 a23 '31 '12 a13 a32 - a13 a2:! a31 - all a23 '32 
[ R I  = a33 + 

all a22 - a12 a21 

[371 

Equation [37] is i d e n t i c a l  t o  t h e  r e s u l t  ob ta ined  by expanding 
Eq 1261. Thus, Gauee reduct ion  p a r t i a l l y  completed y i e l d s  t h e  
reduced s t i f f n e s s  matr ix .  

The reducing t ransformat ion  may a lm b e  obta ined  using Gauss re- 
duct ion  if additi .ona1 o p e r a t i o n s  are performed. From Eq 1241, 
s o l v e  t h e  second equat ion  f o r  x2 

** ** 
x2 = - a23 x., + b2 

S u b s t i t u t e  Eq [38] i n t o  t h e  f i r s t  equa t ion  i n  Eq 1241, which w i l l  

# 

y i e l d  

0 

1 [ 0 

where 

*** 
1 

13 a 

bI** I 

23 

33 
** 

a 

* f ** 
a13 - a12 a23 

* ** 
b; - a12 b2 

Inspect ion of Eq [39] shows t h a t  w e  have former. a u n i t  mat r ix  
p a r t i t i o n  where t h e  row-columns were reduced. The a **' 1 3  

a23 
i n g  t ransformation.  To show t h i s ,  s u b s t i t u t e  Eq 1311 and [32] i n t o  
Eq [8] t o  y i e l d  

and t h e  ** 
elements c o n t a i n  t h e  necessary information t o  form t h e  reduc- 

1401 

I411 
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[TI = 

- 
a23 - a13 a22 

a22. -. a21 "12 

a12 a13 - all a23 
all a22 - =21 a12 

The second and third rows of Eq [42] are equal to t h e  negative of - *** ** 
elements a and a in Eq [39]. Thus, Gauss reduction also 13 23 

142 1 

y i e lds  the  reducing transformation. 



START 

Subrou t ine  START pe r fo rms  th.2 f o l l o w i n g  o p e r a t i o n s :  

1) Reads I n p u t  Card L f o r  t h e  run  numbei (any keypunch 
symbol i n  c a r d  columns 1 t h r u  6)  an& -he u s e r ' s  name 
(any keypunch symbol i n  c a r d  columns 11 t h r u  28). 

If  t h e  run number, is e q u a l  to  STOP (Card columns 1 
t h r u  4), t h e  run  is t e r m i n a t e d .  

I f  t h e  run number is  n o t  e q u a l  to  STOP, the run  cun- 
t i n u e s  i n  S u b r o u t i n e  STAKT a s  fo l lows .  

2) Reads Inpu t  Card 2 for T i t l e  Card 1. Any keypunch 
symbols may he used i n  Card columns 1 t h r u  7 2 .  

3) heads  Inpu t  Card 3 f o r  T i t l e  Card 2 .  Any keypunch 
symbols may be used i n  Card columns 1 t h r u  7 2 .  

4) I n i t i a l i z e s  page number as ze ro  f o r  use i n  Subrou t ine  
PAGEHD. 

5 )  I n t e r r o g a t e s  computer f o r  t h e  d a t e ,  

Run number, d a t e ,  page  number, u s e r ' s  name, T i t l e  Card 1, and 
Title Card 2 are t r a n s f e r r e d  by a COMMON b lock  l a b e l e d  LSTART f o r  
u s e  i n  o t h e r  s u b r o u t i n e s  PAGEHD, PLOTi, PLOTZ, PLOT3, and WTAPE. 

Subrou t ine  STAitT is used t o  s t a r t  e a c h  computer r u n  i n  t h e  
FORMA system and w i l l  no rma l ly  b e  t h e  f i r s t  s u b r o u t i n e  c a l l e d  i n  
a computer program. As an  example,  p e r t i n e n t  s t a t e m e n t s  from a 
program u s i n g  F ."iT cou ld  be: 

1 CALL START 



Subroutine STIFl takes distributed longitudinal stiffness of 
Lon- a rod and replaces it with a “free-free‘’ stiffness matrix. 

gitudinal stiffness will be discussed here but the results are 
also applfcable to the torsional stfffness case. 
the stiffnecs matrix are representative stiffness values of the 
rod at selected potnts Jn the rod. 
by assuming constant axial force between pairs of the selected 
points. 

The elements of 

These elements are calcalated 

The x-stations of the selected points (panel points) are given 
in {PPI. These x-stations must be in increasing order. 

The distributed stiffness, AE(x), is asstned to be piecewise 
linear and is represented by straight line segmects as shown in 
Figure 1. 

AE (XI  

l,/ Figure 1 Distributed Stiffness X 

The x-stations of the first and last points for distributed 
stfffness mclst coincide with the first and last partel point x- 
stations, respect€vely. A l l  other x-stations of the end points 
for the line segments giving the distributed stiffness are inde- 
pendent of the panel poinr, x-stations. The line segments may or 
may not be joined; however, there must not be any x voids or over- 
laps. Th+ distributed stiffness is defiped in [DAE]. Each row 
of (D.AE1 represents one nonvertical line segment. The form of 
each row of (DE] is (XI x2 AE1 E21 where XI,  AE1 give the first 
end point and x2, 1\E, give the second end point of a line segment. 
The x2 of row 1 of [DAE] must be equal to XI of row 2, etc. 

The calculated representative stiffvess values at the selected 
panel points are placed in a stiffness matrix given by [ Z j  which 
is eynanetrical and tri-diagonal. That is, 
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2 1.1 1,2 

2,l 2,2 2,3 

2 

2 z z 

2 -  3,2 3,3 z 
3,4 

1 z 2 n-1,n-2 'n-1.n-1 n-l,n 

z z 
n , n-1 n.n 

where z = I and n is the number of panel points. The gen- 

eralized coordinates associated with [Z]  are axial deflections at 
each of the panel points. 

i .j j . 2  

As mentioned before, the results of the longitudinal stiffness 
case considered in thfs paper are also applicable to the torsional 
stiffaess case. 
variables 

The following table gives the relationship of 

E o n a i  t udi nal 

-. DESCRIPTIOS OF TECHNIQUE 

The replacement of distributed longitudinal stiffness of a 
rod by a stiffness matrix is obtained using a strain energy ap- 
proach as follows. Consider a portion of a rod that is loaded 
wlth an axial force at panel point k and restrained at panel 
point k + 1 as showa in Figure 2. 
k and k + 1 is referred to as bay k. 

The region between panel points 

Figure 2 Loading on Bay k 
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Tha strain energy in bay k is defined by 

where 

P(x) is the axial force, 

A(x) is the cross-sectional area of the rod, 

E(x) is the modulus of elasticity of the rod material, and 

x is the longitudinal axis of the beam. 

To integrate Equation (l), the axial force in bay k is assumed 
conetarat and equal to the axial force at panel point k. That is, 

P(x) = Pk. (2) 

Also, the product A(x) E(x) is assumed to vary linearly as shown 
in Figure 3. 

X1 x2 

Figure 3 Stiffness Distribution 

The equation for a straight line segment as shown in Figure 
3 is 

Substituting Equations (2) and (3) into Equation (1) gives the 
strain energy of the axial stiffness represented by one line seg- 
ment i in bay k as 



The subscripts p and q have been introduced to handle the possi- 
bility of a line segment extending past the bay limits. Thus, x 

k+l . is the greater of x 
Similarly, AE is either AE1 or AE and AE is either AE2 or 

%+l. 
jacent bays, if necessary, until the entire line segment has been 
used. Performing the integration of Equation (4) yields 

P 
or 5 and x is the lesser of x or x 1 9 2 

P k' q 
The integration is continued for the line segment in ad- 

UiSk = f "k k 

where 
AE = ; 1 &$, and 

P fk 

For .constant stiffness, i.e., AE = AE Equation (Sa) is of in- 
definite form. For this case, integration of Equation (4) yields 

P q' 

Equations (5) are evaluated for every line segment of distrib- 
uted stiffness. Then, application of Castigliano's Theorem gives 
the axial deflection of panel point k relative to panel point 
k + l a s  

- P  f auk 
apk k k  

- - -  - 

from which 
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The 'tes:r-:dnt a t  panel po in t  k + 1 is removed by app l i ca t ion  of 
t h e  cra 1 ;formation 

Sut.stiCut ion of Equations (6) and (7) i n t o  Equation (5) (evaiu- 
a t ed  f o r  311 l ine  segments i i n  bay k) gives  t h e  s t r a i n  energy i n  
b y  k zs 

where 

The ke.s.ne1 m 

z = z  = l / fk ,  and k,  k k+l ,  k+l 

k,k+l = - J f k .  

t r i x  i n  the  t r i p l e  matrix product of Equa 

2 

ion ( 8 )  is 
the  s t i f f u e s s  matrir ,:hat represents  t h e  longi tudina l  s t i f f n e s s  
i n  bay k. 

The s t i f f n e s s  matri>. f o r  t h e  e n t i r e  rod is obtained by evalu- 
a t h g  Equations ( 8 ) .  (Sa), and (5b) f o r  every bay. Each r e s u l t i n g  
2x2 bay s t i f f n e s s  matr ix  is added t o  previous 2x2 bay s t i f f n e s s  
matrices ae l i k e  panel po in ts  t o  form the  s t i f f n e s s  matr ix  ( f ree-  
f r ee )  f o r  r B 3  e n t i r e  rod. 

SPECIAL CASE 

For constai. s i i f f n e s s  (AE) extending from x t o  x i n  bay k ,  
t he  s t i f f n e s s  matrix is P 4 

x AE ' X  [-: -$ 
1 P  
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Subroutine STIF2 takes  d i s t r i b u t e d  bending s t i f f n e s s  and (on 
opt ion)  distributed 'shear s t i f f n e s s  of a beam and rep laces  them 
w i t h  a "free-free'' s t i f f n e s s  matrix.  The elements oi the  s t i f f -  
ness matr ix  are rep resen ta t ive  s t i f f n e s s  values  of the  beam a t  
se l ec t ed  po in t s  on t h e  beam. These elements are ca lcu la ted  by 
assuming constant  shear  and l i n e a r l y  varying bending moment be- 
tween p a i r s  of t he  se l ec t ed  poin ts .  

The x-s ta t ions  of t he  se l ec t ed  poin ts  (panel points)  are given 
i n  {PPI. These x-s ta t ions must be i n  increas ing  order .  

The d i s t r i b u t e d  bending s t i f f n e s s ,  EI(x) ,  i s  assumed t9 be 
piecewise l i n e a r  and is represented by s t r a i g h t  l i n e  segments as 
shown i n  Figure 1. The x-s ta t ions of t h e  f i r s t  and las t  poin ts  
for d i s t r i b u t e d  s t i f f n e s s  must coincide wi th  t h e  f i r s t  and last 
panel  point  x-s ta t ions,  respec t ive ly .  A l l  o ther  x-s ta t ions  of 
the  end poin ts  f o r  t h e  l i n e  segments giving the  d i s t r i b u t e d  s t i f f -  
ness are independent of t h e  panel point x-s ta t ions.  The l i n e  
segments may o r  may not  be joined;  however, t he re  must not  be  any 
x voids  o r  overlaps.  
in [DEI]. Each row of [DEI]  represents  one nonver t ica l  l i n e  seg- 
ment. The form of each row of [ D E I ]  is 1x1 x2 E11 E121 where X I ,  

EX1 give the  f i r s t  end poin t  and x2, E12 give the  second end poin t  
of a l i n e  segment. 
of row 2, e tc .  

The d i s t r i b u t e d  bending s t i f f n e s s  is def ined 

The x2 of row 1 of [ D E I ]  m u s t  be equal  t o  x1 

1 X 

Figure 1 Dis t r ibu ted  Bending S t i f f n e s s  

The d i s t r i b u t e d  shear  s t i f f n e s s ,  KAG(x), i s  a l s o  assumed t o  
be represented by s t r a i g h t  l i n e  segments. A l l  s ta tements  used 
above f o r  d i s t r i b u t e d  bending s t i f f n e s s  are appl icable  t o  d i s t r i b -  
uted shear  s t i f f n e s s .  The d i s t r ibu ted  shear  s t i f f n e s s  is de- 
f ined i n  [DKAG]. 
KAG21. The end poin t  s t a t i o n s  x1 and x2 f o r  t he  shear  s t i f f n e s s  
l i n e  segments are independent from the end point  s t a t i o n s  x l  and 
x2 f o r  the  bending s t i f f n e s s  l i n e  segments. 

The form of each row of [DKAG] is [ X I  x2 KAG1 
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t rz' '61 nxn 

The calculated representative stiffness values at the selected 
panel points are placed in a stiffness matrix given by [Z]. The 
form of [ Z ]  is 

c 

2 

z t 

1,l 1,2 2 

2,l 2 , 2  2,3 z 

2 2 3,2 3 , 3  3 , 4  2 

. . 
z 2 z n-l,n-2 n-1,n-1 n-l,n 

z z 
i n,n-1 n,n 

where n is the number of panel points. Matrix [ Z ]  is symmetric, 
The partition fom of [ Z ]  results from the two 

generalized coordinates (lateral translation 6 and rotation e )  at 
each panel point arranged with all translation coordinates first 
followed by all rotation coordinates. Each partitian of [Zl is 

i*e=* zij = zji' 

Figure 2 Sign Convention 
for This Paper 



The beam s t i f f n e s s  matrix obta ined  i n  t h i s  paper i s  a p p l i c a b l e  
f o r  e i t h e r  t h e  p i t c h  or yaw plane  w i t h  a change of v a r i a b l e s  and 
p o s s i b l e  e i g n  changes. For t h e  a x i s  system shown i n  F igure  3, the 
followlrq v a r i a b l e s  would b e  used. . 

This 
Paper 

(6, X I  0)  

X 

6 

Axis System of Figure  3 

P i t c h  Yaw 
( 2 s  XI By) (Y. x, O Z )  

X X 

6 
2 Y 

6 

I I I Y I -9 z 0 e 

X X 
0 

Figure  3 Beam Axis System (Right-Hand) 

Note t h a t  i n  order  t o  have a right-hand system such a s  t h a t  shown 
i n  F igure  3, the s i g n  of t h e  [Za,e] and [Ze,&] p a r t i t i o n s  of (21 

-ram th i s  s u b r o u t i n e  would have t o  be changed f o r  t h e  yaw plane.  

DESCRIPTION OF TECHNIOUE 

The replacement of d i s t r i b u t e d  bending and s h e a r  s t i f f n e s s  
of a beam by a s t i f f n e s s  matr ix  is obtained us ing  a s t r a i n  energy 
approach as fol lows.  Consider a p o r t i o n  of a beam t h a t  is loaded 
w i t h  a shaar  and moment a t  pane l  p o i n t  k and r e s t r a i n e d  a t  panel  
p o i n t  k + 1 as shown i n  F i g u r e  4. 
k and k + 1 is r e f e r r e d  t o  as bay k. 

The reg ion  between panel  p o i n t s  
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Figure 4 Loading on Bay k 

The strain energy in bay k is defined by 

where 

M(x) i s  the bending moment, 
V(x) is the shear, 
E(x) is the bending modulus of elasticity of the material, 
I(x) is the cross-sectional moment of inertia about the 

beam's neutral axis, 

cylinder, K = 0.5 for a thin walled circular cylin- 
der) 

K is the shape factor (e.g., K = 1 for a solid circular 

A(x) is the cross-sectional area, 
G(x) is the shear modulus of elasiicity of the material, 

and 
x is the undefotmed longitudinal axis of the beam. 

To integrate Equation (1) , the following assumptions are made. 
First ,  the shear in bay k is assumed constant and equal to the 
shear force at panel point k, that is, 

V(x) - Vk. 
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Second, the bending moment in bay k is assumed to vary Zineariy, 
that is , 

M(x) = $ +'Vk(x - xk) (3) 

Third, the products E(x) I(x) and KA(x) G(x) are assumed to vary 
linearly as shown in Figure 5. The equation for a straight line 
segment as shown in Figure 5 is 

I 1 I X 
XI x2 

Figure 5 Stiffness Distribution 

The strain energy of bending and shear stiffness will be con- 
sidered separately. 
Substituting Equations (3) and (4) into Equation (1) gives the 
strain energy of the bending stiffness represented by one line 
segment i i n  bay k as 

The bending stiffness is considered first. 

- x ) .  'Ine subscripts 

Thus x is the greater of 

P + (" - xP) (E's - EIP)/(Xq P 
where C = E1 

p and q have been introduced to handle the pocsibility of a line 
segment extending past the bay limits. 
x1 or \ and x is the lesser of x2 us Similarly, E1 is 

either EI1 or EIk and E1 is either E1 or EIk+l. The integration 9 2 
is continued for the line segment in adjacent bays, <f necessary, 
until the entire line segrnsnt has been used. Performing the in- 
tegration of Equation (5) yields the strain energy of bending 
stiffness as 

P 
4 P 



'i,k =. I2[Vk Mk] 

where 

and 

L E1 

fk,k+l b b2 E1 
=rn,Lh- -9  

P 

E1 
k+l , ki-1 =;A$ 

P 

a = (EI H - EI H )/L~ 

HP = "P - Xk 
Hq = x9 - "k 

P q  9 P  

b = (EIq - E1 )/L 
P P  

L 'X - x .  
P 9 P  

For constant bending stiffness, i.e., E1 = E1 Equations (6a) 
through (6c) are of indefinite form. For this case, integration 
of Equation (5) yields 

P (4' 

fk,k = ("3 q P  - H ~ ) / ~ E I  P 

fk,k+l = (H: - H#!E~ P 

fk+l,k+l - L p /E' 

where H H , and L are given above. P' q P 
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The s t ra in  energy of shear  s t i f f n e s s  is considered next .  The 
shear  s t i f f n e s s  d i s t r i b u t i o n  is s imi la r  t o  that shown i n  Figure 5 
and is given by the  equation 

KAG(x) KAG1 $. (X - XI) (KAG2 - K A G I ) / ( x z  - XI). 
Subs t i tu t ing  Equations (2) and (4) i n t o  Equation (1) gives the 
strain energg of the  shear  s t i f f n e s s  represented by one l i n e  seg- 
ment i i n  bay k as 

l o  
. The s l ibscr ipts  

P + (" - xP) P G S  - uGPl/ (x9 - xP) where C = KAG 
p and q have similar meaning as has  been previously discussed f o r  
bending s t i f f n e s s  d i s t r i b u t i o n .  
Equation (8) y i e l d s  the same equation as was obtained previously 
f o r  bending s t i f f n e s s  and is repeated here as 

Performing the  in t eg ra t ion  of 

Now however 
KAG 

fk,k b KAG 
- - 1 3  Rn 

P 

fk,k+l 

fk+l,k+l 9 0 

and 

(7) 

Ae before 

L ' X  - x .  
P q P  

(9e )  
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For constant shear stiffness, i.e., KAG = KAG Equation (9a) is 
of indefinite form. For this case, integration of Equation (5) 
yields 

P q’ 

k , k = Lp/KAGp 

’ 

stiffness and Equations ( 9 )  are evaluated for every line segment 
of shear stiffness. 
gives the laceral translation and rotation of panel pointak rela- 
tive t o  panel point k+l as 

Equations ( 6 )  are evaluated for every line segment of bending, 

Then, application of Castigliano’s Theoram 

[:::I = 

fk,k+l ] [;I* 
k+l , k+l 

,;olving Equation (10) for Vk and % in terms of Ask and ArJ,,r .. and 
substituting into Equation ( 6 )  [or (9)J  gives the strain mergy 
in bay k as 

where 

- fk+l .k+l - % 6 D 

k+l , k+l 
D t -  

Kg o 

and 

= fk,k fk+l,k+l .. fi,k+l. ( i i d )  



The restraint at panel point k + 1 is removed by application of 
the  trsnsformat i o n  

where 

Lk = xk+l - Xk' 

Using this transformation in Equation (11) gives the final strain 
energy expr.issicn as 

(13)  

i. 

k , k+n+l 2 k , k+n z k , k+l 
k+l , k+l k+l , k+n k+l , k+n il 

k+n , k+n 'ic+n, k+n+l 

2 

2 z z 

2 

2 

where 

'k,k K6,6 

= -K 
k , k+l 6,6 

z 

k,k+n = K60 z 

= -L K k , k+n+l k 6 6  - K66 z 

2 !<+l,k+l 5: K66 

66 - -K k+l , k+n z 

k+L,k+n+l = Lk K156 + K60 z 

'k+n,k+n 
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and n is the number of panel points. The kernel matrix in chc 
triple matrix product of Equation (13) is the stiffness matrix 
which represents the becding and sheax stiffness in bay k. 

The stiffness ;.atrix for the entire bea9 is obtained by eval- 
uating Equations (11) and (13) for every bay. Each resulting 4 x 4  
bay stiffness matrix is added t o  p i c V x O U s  6x4 bay stiffness ma- 
trices at like panel points to form the  stiffness matrix (free- 
free) for the entire beam. 

SPECIAL CASE 

For constant bending stiffaess (E31 and infinite shear stiff- 
ne;s extending to the bay limits (x. and xk+l s the stiffness 
uatrix is K 1 

-12 ' i -6Lk -6Lk' 

1 4 L t  

where 

' X  kt.1 k' Lk = x 



Subroutine SYMLH symmetrizes a square matrix by placing values 
from above the diagonal below the diagonal. That is, 

"ji = =ij (i < j )  

EXAHPLE 

If [A] is input to Subroutine SYMLH a s  

the matrix output fro= t h i s  subroutine w i l l  b e  

- 
fAJ3x3 - 1. 2.  3. 

2 .  5 .  6 ,  

3. 6 .  9 .  



Subroutine SYMUH symmetrizes a square matrix by p l a c i n g  va lues  
from below the  diagoral above the  d iagonal .  That is ,  

I f  [A] is input to Subroutine SYLWH as 

t h e  matrix output from t h i s  subroutine will be 

I= [*I 3x3 1. 4. 7. 

4. 5. 8 .  

7. 8 .  ' 9.  
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Subrout ine TERPl performs i n t e r p o l a t i o n  assuming a l i n e a r  
func t ion  between known poin ts .  The x and y coord ina tes  of t h e  
known p o i n t s  are given by t h e  elements of {XA) anti t h e  cor re-  
sponding elements  i n  a column of  [YAI ,  r e s p e c t i v e l y .  
[YA] gives  t h e  y coord ina tes  of a d i f f e r e n t  set of p o i n t s .  
p o l a t e d  y coord ina tes  are c a l c u l a t e d  a t  s e l e c t e d  x coord ina tes  
which are given by t h e  elements  of { X Z ) .  These i n t e r p o l a t e d  y 
coord ina tes  are p laced  i n  [YZ]. Each column of [YZ] has i n t e r -  
po la ted  va lues  of t h e  r e s p e c t i v e  column of [YA]. Extrapola t ion  
assuming a l i n e a r  f u n c t i o n  is performed when any element of IS21 
exceeds t h e  l i m i t s  of IXA). 

Each column of 
I n t e r -  

DERIVATION OF TECHNIQUE 

Given t h e  x,y coord ina tes  of p o i n t s  i and i+l, the  cc-orciinate 
yk a t  \ is to be found by i n t e r p o l a t i o n  a s s m i n x  a l i n e a r  funct ion.  

Y 

xi "k .xi+l 

The equat ion  of a s t r a i g h t  l i n e  is y(x) = ax  + b, or i n  mat r ix  
n o t a t i o n ,  y(x) = [ x  

determined because t h e  coord ina tes  x i ,  yi and x 

. The c o e f f i c i e n t s  a and b can be 

are known. 
l1 Id 

i+1' v i + l  That is, 

from which 

1: :J [::+j '"1 = 1 [bl xi - 
i+l 
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giving 

Theref ore 

The fol lowing t a b l e  g i v e s  t h e  c o r r e l a t i o n  between t h e  nomenclature 
of  E q u a t i m  (I) and t h a t  used in t h e  F o r t r a n  coding i n  t h e  sub- 
rout ine .  

EXAMPLE 

Equation (1) For t ran  Coding* 

*Subscript  j ,  denot ing d i f f e r e n t  sets 
of p o i n t s ,  has  been omitted for c l a r i t y .  

Consider t h e  fol lowing two sets of p o i n t s  aenoted by (1) and 
(2) i n  the ske tch .  

I I r ' - I I  I 1 I 
h X 

/ - \  &4 \ 

-4 
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The coordinates  of the  po in t s  are given by 

tXA) gives the x coordinates  of t he  po in t s  i r r  both sets (1 )  and 
(2). Column 1 of [YA] gives  the  y coordinates  of t he  points i n  
set (1) and column 2 of [YA] gives the y coordinates  of the point:: 
in set (2). The y values  are wanted a t  x = -1. and x = 7. .  that 
is, at CXZ) = 1-1. . A t  x = -1. , i n t e rpo la t ed  values of y = -2. 

I 7.1 
and y = 0. are ' ca lcu la ted  from columns 1 and 2 of [YA] , respec- 
t i ve ly ,  using rows 1 and 2 of t X A )  and [YA] .  
o la t ed  values  of y = -1. and y = 2. are ca lcu la ted  from columns 
1 and 2 of [YA], r espec t ive ly ,  using rows 2 and 3 of {XA) and 

A t  x = 7., extrap- 

[YA].  The f i n a l  r e s u l t  is  t 

To relate this example problem t o  a p r a c t i c a l  problem, con- 
s i d e r  tXA) t o  be the co l loca t ion  poin ts  (panel po in ts )  of a vehic le  
and [YA] t o  be the modal displacements for two modes. Gyros are 
t o  be placed a t  s t a t i o n s  x = -1. and 7. ( i . e . ,  {XZ)). The modal 
displacements ([YZ]) are t o  be found a t  these s t a t i o n s .  



Subrout ine TERP2 performs i n t e r p o l a t i o n  assuming a d i p a r a b o l i c  
f u n c t i o n  between known p o i n t s .  A p a r a b o l i c  func t ion  is s e d  where 
on ly  t h r e e  p o i n t s  are a v a i l a b l e .  A d i p a r a b o l i c  func t ion  is nb- 
t a i n e d  from t h e  weighted average of  two a d j a c e n t  pa rabo la s  and 
w i l l  b e  exp la ined  later. The x and y coord ina te s  of t h e  known 
p o i n t s  are given by t h e  elements of  CXA) and t h e  corresponding 
elements i n  a column of [YA], r e s p e c t i v e l y .  Each column of [YA] 
g i v e s  t h e  y c o o r d i n a t e s  of a d i f f e r e n t  set of p o i n t s .  
l a t e d  y coord ina te s  are c a l c u l a t e d  a t  s e l e c t e d  x coord ina te s  which 
are given by t h e  elements of f T L 1 .  These i n t e r p o l a t e d  y coordi-  
n a t e s  are placed i n  [YZ]. Each column of [YZ] has i n t e r p o l a t e d  
v a l u e s  o f  t h e  r e s p e c t i v e  column of [YA]. Ext rapo la t ion  assuming 
a p a r a b o l i c  . funct ion is performed when any element of  {XZJ exceeds 
t h e  l i m i t s  of  IUJ. 

In t e rpo -  

DERIVATION OF TECHNIQUE 

The d i p a r a b o l i c  i n t e r p o l a t i o n  procedure is  o b t a i n e d  as fol lows.  
Because t h i s  procedure is dependent upon us ing  pa rabo las ,  t h e  
pa rabo la  w i l l  be cons ide red  f i r s t .  Given t h e  x,y c o o r d i n a t e s  of 
p o i n t s  1, 2, and 3 below, a pa rabo la  is to be  f i t t e d  to  these  
p o i n t s .  

u 
The equa t ion  f o r  a pa rabo la  w i t h  a x i s  p a r a l l e l  t o  t h e  y a x i s  is 

y(x )  = Ax2 + Bx + C 

or  

where 
[nl 

or 
x - x2 

x3 - x2 
H =  



is  used for ehse i n  la ter  a l g e b r a i s  c a l c u l a t i o n s .  
a, b, and c can be determined because t h e  x (or  H)  and y coordi- 
nates at p o i n t s  1-, 2, and 3 are known. That is, 

The c o e f f i c i e n t s  

[ ] =  
from which 

where 

H 1 4 2  1 

For a given s e t  of p o i n t s ,  a s  shown on the  fol lowing page, a 
p a r a b o l i c  f u n c t i o n  i s  used t o  t h e  l e f t  of p o i n t  1 and between 
p o i n t s  1 and 2.  Also, a p a r a b o l i c  f u n c t i o n  is used to  t h e  r i g h t  
of t h e  l a s t  p o i n t  n and between p o i n t  n-1 and n .  D i p a r a t o 1 . i ~  
func t ions  are used  between a l l  o t h e r  p o i n t s .  



Bay 1 (and to the left of point  1) 

'k 

I 

Xk 
I X 

The coordinate y at  xk is found as follows: 

From Equation (la), 

(4a) 

Using these  express ions  with  Equations (2) and ( 3 ) ,  the final 
r e s u l t  i s  obtained as 



The fol lowing t a b l e  g i v e s  t h e  c o r r e l a t i o n  between t h e  nomenclature 
of Equations. (bas b, c )  and t h a t  used i n  t h e  F o r t r a n  coding in t h e  
sub rou t ine .  

Equations (4a,b,c) F o r t r a n  Coding* 

X XA (m) 

y nl 

Hli 

"k 

a 

YA(m) * 
H 

XZ (K) 

Y Z ( K )  * yk 

m = 1, 2, 3 

m = 1, 2, 3 

A 

*Subscript  j ,  deno t ing  d i f f e r e n t  sets of 
p o i n t s ,  h a s  been omi t t ed  f o r  c l a r i t y .  

I n t e r i o r  Bay i-1 
i+l 

P 
Parabo la  

Parabola  B 

Y 

I 

"k 

i-2 4 
I X 

The coord ina te  y k 
t i o n  i n  bay i-1 of t h e  above s k e t c h  is ob ta ined  as t h e  weighted 
average o f  pa rabo la s ,  A and B. Tha t  is, 

at  \ is  found as fol lows.  A d i p a r a b o l i c  func- 

where 

xi-l x -  
H =  

xi - xi-l 

as i n  e i t h e r  Equat ions (la) o r  (lb). 
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For parabola A: 

5-2 - (xi-2 - X i - l ) / ( X l  - x  i - I )  

%-l - PI-1 - % l ) / ( X i  - xi-1) = O 

*I - (“I - ~ l - l ) / ~ l  - xi-1) = I  

From Equations (2) and (31, 

where 

- l / C ( l - C )  1/c  1/ ( 1 - C )  

l / C ( l - C )  - ( l + C ) / C  - C / ( l - C )  

0 1 0 .  

For parabola B: 

%-l = (xl-l - X I - l ) / ( X i  - xi-l) - O 

% - (“I - xl-l)/pl - XI -1 )  

%+l = (xl+l - X i - l ) / ( X i  - xi-1) 

= I  

From Equations (2) and (3) 

where 
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S u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  f o r  yA and y 

and e v a l u a t i n g  a t  p o i n t  k r e s u l t s  i n  

i n t o  Equation (5)  B 
t 

'(%) yk 1% 

where 

[$I  = 

1 
C(1-C) 

C(1-c) 

C(1-C) 

0 

.- 2 -- 

1 

Hk 

C-D D-C 
CD (1-C) (1-D) 
- 

-(l+C) -c 
C 1-c 

1 0 

-1 
D(l-D) 

1 
D (1-D) 

0 

0 

The f o l l o w i n g ' t a b l e  g i v e s  t h e  c o r r e l a t i o n  between the  nomenclature 
of Equations (6a,  b ,  c ,  d)  and t h a t  used i n  t h e  For t r an  coding 
i n  t h e  sub rou t ine .  

Equations (6a , b , c ,d)  

X i - m  

Y i - m  

Hk 

xk 
Yk 

F o r t r a n  Coding" 1 
XA ( I - m )  

YA(1-m) * 
H 

XZ (K) 

Y % ( K )  * 

I m = 2 ,  1, 0, -1 

lil = 2,  1, 0, -1 

I 
*Subscr ipt  j ,  denot ing d i f f e r e n t  se ts  of 
p o i n t s ,  has  been omit ted f o r  c l a r i t y .  



'I' i; K1' 2 -- 7 / (1 

Bay n-1 (and t o  t h e  r i g h t  of point  n) 

Bay n - 1 4  

The ccord ina te  yk a t  x 

From Equation ( l b )  

is found as fol lows.  k 

n- 1) Hk 31 p k  - Xn-l)/(xn - x  

Hn ("n - 'n-i)/(xn - x  

Hn-2 = pn-2 - Xn-l)/(xn - - Y  .,-I) E 

H n - ~  = ('n-1 - Xn-l),/(Xn - x  n-1) O 

- 1  n- 1) 

Using these  expressions w i t h  Equations (2) and ( 3 j ,  tiie f i n a l  re- 
s u l t  is  obtained a s  

i / c  

y(\) = yk = 1% Hk 11 

!J 1 

The fol lowing t a b l e  g ives  the  c o r r e l a t i o n  betwren the nornen- 
c l a t u r e  of Equations (7a, b, c) and t h a t  used i n  t h e  F o r t r a n  coding 
i n  t h e  subrout ine.  
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Equation.; (7a,b , c )  Fortran Coding* 

m = 0, 1 ,  2 

m = 0 ,  1, 2 

2tSubscript j , denot ing  d i f f e r e n t  sets o f  
p o i n t s ,  has  been omitted f o r  c l a r i t y .  

Consider the fo l lowing  two sets of p o i n t s  denot-.d by ( 1 )  and 
(2) 

Y 

10 - 
8 -  

6 -  

4 -  

-2 - 
-I - 
-5 - 

The coordfnates of the p o i n t s  are given by 

I x A j  = 

10. 
20.  

50. 

70. 
110. 

and [YA] = 

1.  

2 .  

3 .  

9 .  

5 .  

-1. 

-2. 

- 6 .  

- 2 .  

2. 

{XAI gives t h e  x coord inates  of the  p o i n t s  i n  both sets ( 1 )  and. 
( 2 ) .  Column I of [ Y A ]  g i v e s  the y coord inates  of the p o i n t s  in 
s e t  (1) and column ( 2 )  of [ Y A ]  gives  the y coord inates  cf the 
p o i n t s  i n  set ( 2 ) .  The y v a l u e s  a r e  wanted at x = 5 . ,  1; = l O G . ,  



and x = 6 5 . ,  t h a t  is, a t  

A t  x = 5 . ,  e x t r c p o l a t e d  va lues  of y = 0.375 and y = -0.5625 are 
c a l c u l a t e d  from columns 3 and 2 of [YA], r e s p e c t i v e l y ,  using rous 
1, 2, and 3 of ( X A )  and [YA]. A t  x = iOO., i n t e r p o l a t e d  va lues  
of y = 8. and y = 1.5 are c a l c u l a t e d  from columns 1 and 2 of [YA], 
r e s p e c t i v e l y ,  using rows 3, 4 ,  and 5 of f X A j  and YA]. A t  x = 65 . ,  
i n t e r p o l a t e d  values  of y = 7.375 and y = -3.03!25 are c a l c u l a t e d  
from columns 1 and 2 of [YA], r e s p e c t i v e l y ,  using rows 2,  3, 4 ,  
and 5 of {XA! and I Y A ] .  The r e s u l t  is 

0.375 -0.5625 

[YZ]  = 

7.775 -3.03125 

To relate t h i s  example problem io a p r a c t i c a l  problem, con- 
sider {juf t o  be  tne c o l l o c a t i n n  p o i n t s  (panel  p o i n t s )  of a v e h i c l e  
and [YA] t o  be the modal displacements f o r  two modes. 
t o  be placed a t  s t a t i o n s  x = 5., lOC). ,  and 65. ( t - e . ,  {SZ) ) .  The 
modal d i s p l a c e  ients  ([YZ]) a t e  t o  b e  found a t  t h e s e  s t a t i o n s .  

Gyros are 
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Subrout ine TRAEZ c a l c u l a t e s  t i m e  response a d d i t i o n a l  equa t i ans .  
Tha t  is 

.. 
{ Z ( t ) )  - (A] {X( t ) j  + IB] {X( t ) )  + [ C ]  t X ( t ) )  + [Dl t F ( t ) l  + {E] (1) .. 
whero { X ( t ) ) ,  {X(t)) .  {X(t)) .  and { F ( t ) )  are t h e  time response 
and force prev ious ly  c a l c u l a t e d  in a time reeponae eubrou t ine ,  f o r  
example TRSPi. The TRSPl t a p e  is read in t h e  s u b r o u t i n e  T W 2  to 
calculate { Z ( t ) ) .  The c o e f f i c i e n t  matrices [ A ] ,  [B], [C]. [D], 
and !E) are supp l i ed  o r  omi t t ed ,  on o p t i o n ,  t o  t h i s  s u b r o u t i n e  t o  
c a l c u l a t e  { Z ( t ) }  which may b e  shear, bending moment, displacement ,  
e tc ,  depending on t h e  cho ice  of c o e f f i c i e n t  matrices. 



TRANS 

Subrou t ine  TRANS c a l c u l a t e s  t h e  t r a n s p o s e  ( i n t e r c h a n g e  of rows 
and columns) of a mat r ix .  

posed,  t h e n  t h e  r e s u l t  is 

If [AINKAxNCA is tlic matrix to  be t r a n s -  

where 

zji = aij 

NRA is t h e  number of rows of [A], and NCA is t h e  number of columns 
of [A] .  

Theorem: The t r a n s p o s e  of t h e  product  of a set of matrices is 
e q u a l  t o  t h e  p roduc t  of t h e  t r a n s p o s e d  matrices t aken  i n  
r e v e r s e  o r d e r .  That  is, 

Theorem: The t r a n s p o s e  of t h e  sum of a set v f  matrices is e q u a l  
t o  t h e  sum of t h e  t r ansposed  matrices. That  is, 

E X W  LE 

If t h e  i n p u t  m a t r i x  is 

[A]2x3 = 1. 2. 

[ L  5. ::] 
t h e n  
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Subroutine TRSPl solves the second order d i f f e r e n t i a l  equation 

[A]  { X ( t ) i  + [B] iX(t)i + [ C ]  tX(t)i = [ D ]  i F ( t ) .  

u s ing  a f o u r t h  o r d e r  Runge-KutLa numerical  i r i tegrdt ior i  procedure 
(Ref  1 ) .  Matrices [ A ] ,  [B). [ C ] ,  and ID] are input  d i r e c t l y  LO 

this subrou t ine .  FOK a s t r u c t u r a l  p rob len ,  [A] is t1.e mass 
matrix, [E] is the damping iniltrix, [ C ]  is t he  s t i f : n e s s  m a t r i x ,  
and [D]  is t h e  t r a n s p o s e  of t h e  v i b r a t i o n  mode shapes i f  t h e  
equa t ions  are a modal r e p r e s e n t a t i o n  of t h e  s t r u c t u r e .  T h e  f o r c e  
{ F ( t )  1 is c a l c u l a t e d  i n t e r n a l l y  in t h e  s u b r o u t i n e  using  l i n e a r  
i n t e r p o l a t i o n  w i t h  [TABT] and [ T A B F ]  vh ich  are both inpu t  t o  the 
subrou t ine .  As a n  i l l u s t r a t i o n  of t h e  use  of [TABT] and [TASF] 
cons ide r  t h e  fo l lowing  example. 

10 15 20 b t  
0 5 

LOIF’ A 
.5  

I 
0 5 10 15 20 

* t  

The table (A t a b l e  is def ined  i n  this r e p o r t  a s  a m a t r i x  t h a t  may 
have Incomplete column d a t a  i n  some rows.) giving the independent 
v a r i a b l e  c o o r d i n a t e  t is 

The t a b l e  g i v i n g  t h e  corresponding c o o r d i n a t e s  oi the dependent 
variable F is 



The fol lowing v a l u e s  for 
p o l a t i o n  a t  t = 7. 

i F ( t  

F ( t )  1 w i l l  be  obta ined  by linear inter- 

The Runge-Kutta method of numerical i n t e g r a t i o n  has  s w e r a l  
d e s i r a b l e  f e a t u r e s  t h a t  may be summarized as fo l lows .  ' h e  method 
is g e n e r a l l y  considered to have good convkrgence qrralicies. 
Forward i n t e g r a t i o n  and i t e r a t i o n  procedures can sometimes be 
u n s t a b l e  so t h a t  a c a l c u l a t e d  s o l u t i o n  o s c i l l a t e s  w i t h  r a p i d l y  
i n c r e a s i n g  amplitude about t h e  t r u e  s o l u t i o n .  The Runge-Kutta 
method does n o t  seem to  be so s u s c e p t i b l e  t o  t h i s  d i f f i c u l t y .  

DESCRIPTION O> TECHNIQUE 

Matrix [ A ]  must be nonsingular  because the h ig5es t  d e r i v a t i v e  
w i l l  b e  c a l c u l a t e d  from modif ica t ion  of Equation (1). 

{X(t)} = [A]-'  [Dl I F ( t ) )  - [ A I - '  [BI t ; ( t ) )  - [ A I e 1  [ C ]  : X ( t ) r  

Runge-Kutta.numerlca1 i n t e g r a t i o n  is then used t o  i F e g r a t e  ! X( t )  j 
t o  o b t a i n  {X(t)} and then  a g a i n  used t o  i n t e g r a t e  i X ( t > ;  t o  o b t a i n  

( la) 

{ X ( t )  1 

REFERENCES 

1. S. G l l l :  "A Process for t h e  Step-by-step I n t e g r a t i o n  of D i f -  
f e r e n t i a l  Equations i n  an  Automatic D i g i t a l  Computing Machine," 
h c a e d i n g s  Cambridge Philosophical Socicty 47:96-100 (1951). 



Subrou t ine  TRSPlA aolves t h e  second o r d e r  d i f f e r e n t i a l  e q u a t i o n  
.. 

[A] { X ( t ) }  + [B] t X ( t ) j  + [ C ]  t X ( t ) t  = (U! : F ( t ) i  (1) 

f o r  

u s ing  a f o u r t h  o r d e r  Runge-Kutta numerical  i n t e g r a t i o n  procedure 
(Ref 1). Matrices [ A ] .  [B], [C;. and [D] are input  d i r e c t l : .  t o  
t h i o  subroutine!. For a s t r u c t u r a l  problerr., [ A ]  is t h e  mass 
matr ix ,  (B] is t h e  damping ma t r ix ,  I C ]  is the s t i f f n e s s  maLrix, 
and [D] is t h e  t r a n s p o s e  of the  v i b r a t i o n  mode shapes i f  tlic 
equa t ions  are a modal r e p r e s e n t a t i o n  of t h e  s t r u c t u r e .  The f o r c e  
{ F ( t ) j  is c a l c a l a t e d  i n t e r n a l l y  i n  t h e  s u b r o u t i n e  as fol lows.  

t F ( t ) )  is s i z e  (NFX1) and is obtained cons ide r ing  a (1 - cos)/2 
v a r i a t i o n  i n  t h e  c o o r d i n a t e  f o r c e .  Consider the fol lowing ex- 
amples. 

EXAMPLE 1: 
Missile P e n e t r a t i n g  a S t a t i o n a r y  Gust a t  t h e  Rate - VEL - 

P G L p  

VEL - 
+ 

pane l  point 
c o o r d i n a t e s  . 

(oppos i t e  
d i r e c t i o n  
from VEX) 

fsote that the r a t i o  GL/vH, is  t h e  pe r iod  
of t h e  gust. 
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If FNAG i6 d e f i n e d  to b e  t h e  maximum normal force a t  s t aL ion  i 
(I), t hen  t h e  ith normal f o r c e  F ( t )  v a r i e s  w i t h  time as - 

f o r  0 di - GL 
211 d 

GL Fi(t)  - FMAGi (11) (1 - COS - 

where, di = dl - ( PP - PP1) and 
i 

dl VELX(t - STARTT). 

(assumes PPI is at beginning of gust a t  t = STARTT.) 

EXAHPLE 2 :  

I n  t h e  event  a sudden envelopment f o r c i n g  f u n c t i o n  ( ze ro  l a g  
time f o r  a l l  s t a t i o n s )  is d e s i r e d ,  two a l t e r n a t i v e s  e x i s t :  

1) Supply FMAG and PP as scalar q u a n t i t i e s  and PP1 = PP. 

This  sets t h e  l a g  t ine t o  ze ro ,  ( PPi - 

Supply FNAG as a v e c t o r  and 
s t a t i o n s  t h e  same and equal  t o  PPI .  Th i s  sets t h e  

lag time a t  a l l  s t a t i o n s  to ze ro .  

PPi = 0 ) ;  o r  

2 )  PP as a vec to r  w i th  all 

The Runge-Kutta method of numerical  i n t e g r a t i o n  has  s e v e r a l  
d a o i r a b l e  f e a t u r e s  t h a t  may b e  summarized as fo l lows .  The method 
is g a n e r a l l y  considered t o  have good convergence q u a l i t i e s .  For- 
ward i n t e g r a t i o n  end i t e r a t i o n  procedureo can sometimes be u n s t a b l e  
so that a c a l c u l a t e d  s o l u t i o n  o e c i l l a t e e  w i t h  r a p i d l y  i n c r e a s i n g  
ampli tude about t h e  t r u a  o o l u t i o n .  
not 8 m u n  t o  i e  so s u s c e p t i b l e  t o  this d i f f i c u l t y .  

The Runge-Kutta method does 
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DESCRIPTION OF TECHNIQUE 

Matrix [A] must be  noneingular because t h e  highest  d e r i v a t i v e  
w i l l  be  calculated from modif icat ion of Equation (1). 

{x(t)) 
.. 

[A]'1 ID] I F ( t ) )  - IA1- l  [B] tX(t)I  - [A]'' [ C ]  { X ( t ) l .  (la) 

Runge-Kutta numerical in tegrat ion  is  then used to in tegrate  
{X(t)) to obtain t i ( t ) l  and then again used t o  in tegrate  !S ( t ) }  
to obtain I X ( t )  1 .  

REFERENCES 

1. S. G i l l :  "A Process for  t h e  Step-by-step Integration (rf Dif- 
f e r e n t i a l  Equations i n  an Automatic DiLital Conputing Machine." 
Fzvceedixgs Cambridge PhiZosophical Societ;! 47.96-108 (3551). 
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Subroutine TRSPlB i s  a modif icat ion of Subroutine TRSPl to use one 
less matrix space so  that larger s i z e  matrices can bc used. '~'hc 
second order d i f f e r e n t i a l  equation to  be solved is 

t X ( t ) )  + [B] { X ( t ) j  + [cl t x ( t ) l  = [U] t F ( t ) ) .  

Comparing t h i s  equation with Equation (1) of Subroutine TRSPl shows 
that  

TRSP'LD -- 

A l l  other comments in the explanation of Subroutine TRSPl a p p l y  to 
this subroutine. 



TRSPlC 

Subroutine TRSPlC is a modification of 
one less matrix space so that larger s'ize 
The second order differential equation to 

iX(t)I + tal t x w i  + [CI r , X ( t ) }  

Comparing this equation w i t i .  Equation (1) 
shows that 

TRSPlC 

[BI is [AI-'  [BIB 

t C 1  is IC], 

- 

[D] is i A 1 - l  [D]. 

Subroutine TRSPlA to use 
n u t r i c e s  call be used. 
be sulvctd is 

of subroutine TRSPU 

A l l  other comments in the explanation of subroutine TRSPlA apply t o  
this subroutine. 



Subroutine TRSP2 sdvee the second order d i f f e r e n t i a l  e q u a t i o n  

[A ]  \ X ( L ) ~  + [U] t k ( t ) r  + LC] iX(t.1) -- lU] : F ( t )  t (1) 
.. 

f o r  { X ( t ) } ,  i X ( t ) l ,  and t X ( t ) l  u s i n g  a t h i r d  order Newinark-ChJn- 
Beta numer i ca l  i n t e g r a t i o n  p rocedure  (Kef 1). Watr ices [ A ] ,  IB] , 
[C], and (D] are i n p u t  ' d i r e c t l y  t o  t h i s  s u b r o u l i n e .  Fur  a s t r u c -  
tural  problem, [A]  is t h e  moss m a t r i x ,  CY] is t h e  damping m a t r i x ,  
[C] ie t h e  s t i f f t . e s s  matrix, and [D] is t h e  t r a n s p o s e  of  t h e  vi- 
b r a t i o n  mode shapes  i f  t h e  e q u a t i o n s  are a modal r e p r e s e n t a t i o n  
of t h e  s t r u c t u r e .  The f o r c e  I F ( t ) )  is c a l c u l a t e d  i n t e r n a l l y  i n  
t h e  s u b r o u t i n e  u s i n g  l i n e a r  i n t e r p o l a t i o n  w i t h  [TABTj and (TABF] 
which are b o t h  i n p u t  t o  t h e  s u b r o u t i n e .  As an i l l u s t r a t i o n  of 
the u s e  o f  [TABT] and [TABF) c o n s i d e r  t h e  f o l l o w i n g  example. 

I b t  
0 5 1 0  15 20 

0 I t  5 10 15 20 

The table  (A t a b l e  is d e f i n e d  i n  t h i s  r e p o r t  as a m a t r i x  t h a t  may 
have  incomple t e  column d a t a  i n  some raws.) g i v i n g  t h e  i t dependen t  
v a r i a b l e  c o o r d h a t e  t is 

20. 

10. 

The table giving t h e  corxsspond-.ig coar 
v a r i a b l e  E is 

2.  

.5 1. 

15. 1 . 
i n a t e s  0, t h e  dependent  

1 
.5J. 
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The following v a l u e s  f o r  ! F ( t ) j  will be o b t a i n e d  by l i u u r  i n -  
t e r p o l a t i o n  a t  t = 7 .  

DESCRIPTION OF TECtlN;?UE 

Because t h e  d i f f e r e n c e  e q u a t i o n  c o n t a i n s  d i s p l  .cement terms 
for t h r e e  c o n s e c u t i v e  t i m e  i n t e r v a l s ,  i t  is r e q u i r e d  t o  e x p r e s s  
a disp lacement  q u a n t i r y  i n  terms of i n i t i a l  v e l o c i t y  and i n i t i a l  
displacement i n  o r d e r  t o  s t a r t  t h e  p rocedure .  Because [ A ]  must 
b e  nons ingu la r  i n  t h i s  method, i t  was dec ided  t o  modify Equat ion  
(1) i n t o  t h e  form 

Thus, on ly  t h r e e  matrices a re  needed compared to €cur matrices 
i n  Equat ion (1). The s t a r t i n g  equation is t h u s  g iven  as: 

where 

[S) 0 [I] + $ [ A - I  U] + bhZ [A - ’  C ] .  

[ I]  is  a d i a g o n a l  of  ones  ( u n i t y  m a t r i x )  

h is t h e  i n t e g r a t i o n  s t e p  s i z e  (At) 

After o b t a i n i n g  {Xll, t h e  f o l l o w i n g  d i f f e r e n c e  e q u a t i o n  is used 
t o  o b t a i n  t h e  rest of t h e  v a l u e s  of {XI, 
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where 

[TI = 2 [I] - (1 - 28) h2 1A-l CI. 

Tile acceleration and ve loc i ty  are then obtained using the following 
difference equations. 

{XI,,, = {iii + 

Beta (8 )  is the 
be  anywhere between 

REF SRENC E S 

parameter of generalized acceleration and can 
0 and k .  

1. Chan, S. P., Cox, H .  L ,  and Benfield, W .  A.:  "Transient 
Analysis of Forced Vibrations of Complex Structural-Mechanical 
Systemso" Journa2 of the RoyaZ Aeronauticat Socl:sty, July 
1962. 



Subrou t ine  TRSP2A solves t h e  secund o r d e r  d i f f e r e n t i a l  eq t i a t ion  

[ A ]  t X ( t ) )  + [B) t i ( t j )  + [C] i ' i ( t ) l  = [ u ]  I L ' ( L ) J  

f o r  ( X ( t ) l ,  t X ( t ) } ,  and t X ( t )  J u s i n g  il t h i r d  dK-Jzr Neun:arh-Clmn- 
Beta numer ica l  i n t e g r a t i o n  procedure  (Kci 1). ?I,itrices [ A ] ,  [SI, 
[ C ] ,  and [ D ]  are i n p u t  d i r e c t l y  t o  t h i s  s u b r u u t i n e .  For a s t r u .  - 
t u r a l  problem, [ A ]  is t h e  mass m a t r i x ,  [SI is tile damping m a t r i x ,  
( C ]  is t h e  s t i f f n e s s  m a t r i x ,  and [U] '-3  lie t r a n s p o s e  of t l w  v i -  
b r a t i o n  mode shapes i f  t h e  e q u a t i o n s  a r c  a nodal r e p r e s e n t a t i o n  
of t h e  s t r u c t u r e .  The f o r c e  ( F ( t ) )  is c a l c u l a t e d  i n t e r n a l l y  i n  
t h e  s u b r o u d n e  as follows. 

( F ( t ) )  is  s ize  ( M a l )  and i s  o b t a i n e d  cons ider i tkg  a (1 - c o s ) / 2  
v a r i a t i o n  i n  t h e  c o o r d i n a t e  f o r c e .  Consider  tile fd l lowing  C Y -  

amples. 

EXAMPLE 1: 

Missile P e n e t r a t i n g  a S t a t i o n a r y  G u s t  a t  t h e  Ra te  - VEL - 

--e 
panel point 
c oord iEa te 8 (PP) 

(opposite 
d irec tioa 
f h m  VEL) 



If FMAC is def ined  t o  be t h e  maximum normal f o r c e  a t  station 1 
(i), then the lth normal f o r c e  F ( t )  v a r i e s  with time as - 

Zn di 
F a < t )  - FMAC ('r) (1 - cos -) f o r  0 d i  = GL i GL 

Assumes PPI is at  beginning of gust a t  t = STAWPT. 

W L E  2: 

In t h e  event  a sudden envelopment fo rc ing  f u n c t i o n  ( ze ro  lag 
time for all s t a t i o n s )  is d e s i r e d ,  two a l t e r n a t i v e s  ex i s t :  

Supply FMAG and PP as scalar q u a n t i t i e s  and PP1 - PP. 
This  sets t h e  lag time t o  ze ro ,  ( PPi - PPL - 0 ) ;  or  

Supply FMAG a8 a v e c t o r  and 
s t a t i o n s  t h e  same and equal to  PF1. This sets t h e  

lag time a t  all s t a t i o n s  t o  ze ro .  

I 

PP as a v e c t o r  w i t h  all 



DESCRIPTION OF TECHNIQUE 

Because t h e  d i f f e r e n c e  equa t ion  c o n t a i n s  displacement terms 
f o r  t h r e e  c c n s e c u t i v e  t i m e  i n t e r v r i l s ,  it is r e q u i r e d  tc expres s  
a displacement  q u a n t i t y  i n  terma of i n i t i a l  v e l o c i t y  and i n i t i a l  
dieplacement i n  o r d e r  t o  s t a r t  the procedure.  Because [ A ]  must 
be nonsingular  i n  t h i s  method, i t  was decided t o  modify Equation 
(1) i n t o  s h e  form 

Thus, only t h r e e  matrices a r e  needed compared t o  four  matrices 
i n  Equation (1). The starting equation is t h u s  Riven as: 

( x } ~  I [s-l p]  {xu) + Is-1 Q j  {xQj + chi (S'l A'' D] ! . F ) l  + IS-' R A" D] !Fjb 

where 

h [PI = [I] + 7 [Av1 B] = (4 - S )  h- [A ' l  C ]  

- ($ - 6 )  h 3  [A-l B) [A-I C] 

h [I] - ($ - b )  h' [A- l  B] [A-I B] [Q] 

[R] = (b - 0 )  h2 (I] + (L4 - d )  h 3  [A" B] 

[I] is 8 d iagona l  of ones ( u n i t y  m a t r i x )  

h :s t h e  i n t e g r a t i o n  s t e p  size  ( t t )  

A f t e r  o b t a i n i n g  { X ) l ,  the fo l lowing  d i f f e r e n c e  equa t ion  is used 
t o  o b t e i n  t h e  rest of t h o  v a l u e s  of { X } .  

whore 

[TI 2 [I] - ( 1  - 26) h2 [A'I C]. 

h 
[ V I  [I] - y [A-' B] + 6h2 [A-l C]. 



The acceleration and velocity are then obtained using the foflowicg 
difference equations. 

Beta (6) is the parameter of generalized acceleration and can 
be anywhere between 0 and %. 

REFERENCES 

1. Chan, S. P., Cox, H. L, and Benfield, W, A. : "Transient 
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Subrout lne TR3 s o l v e s  t h e  second order  d i f f e r e n t i a l  equat ion 

t A I t x w ,  + r B J t x w  + r c I t x ( t ) i  = [D] i F ( t ) )  
.. 

for t X ( t ) ) ,  I i ( t ) ) ,  and (X( t ) l  in c losed  form. 
used t o  s o l v e  t h e  matrix equat ion  

The resul ts  are 

that may be used t o  determine dynamic l o a d s  or displacements.  
c o e f f i c i e n t  matrices [AA), etc  are suppl ied  o r  omitted on opt ion.  

The 

For a s t r u c t u r a l  problem, r A J is t h e  genera l ized  mass, r B J 
is t h e  genera l ized  damping, C 3 is t h e  genera l ized  s t i f f n e s s ,  
and [D] is t h e  t r a n s p o s e  of t h e  v i b r a t i o n  mode shapes.  Matrices 
r A ]D t B J ,  and r C ] are of uncoupled form. The f o r c e  { F ( t ) }  
is c a l c u l a t e d  i n t e r n a l l y  i n  t h e  s u b r o u t i n e  using l i n e a r  in te rpola-  
t i o n w i t h  [TABT] and [TABF] which are both input  to t h e  subrout ine.  
As an i l l u s t r a t i o n  of t h e  use  of [TABT] and [TABF] consicier t h e  
fol lowing example. 

1 - t  
0 5 10 13 20 

1 *t 
0 3 10 15 20 

The t a b l e  (A t a b l e  is defined i n  t h i s  r e p o r t  as a matrix which 
may have Incomplete column d a t a  i n  some rows.) giving the  i n d e -  
pendent v a r i a b l e  coord ina te  t ie 

5 .  10. 15. I , 
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Tha table giving the correeponding c o o r d i n a t e s  of  t h e  dependent 
v a r i a b l e  F i e  

[TABF] = 2. 

I':5 1. .J. 
The following v a l u e s  f o r  I F ( t ) )  w i l l  be  obtained by l i n e a r  i n t e r -  
p o l a t i o n  a t  : - 7. 

The matrixes [AA], [BB], [CC], [DDI, and {EE} are i n p u t ,  on 
o p t i o n ,  to  c a l c u l a t e  {Z(t)) which may b e  shear, bending moment, 
displacement ,  e t c ,  depending on t h e  cho ice  of c o e f f i c i e n t  matrices. 

DESCRIPTION OF TECHNIQUE 

Equation (1) may be cons ide red  as a set  of s i n g l e  deg ree  of 
freedom equa t ions  because the mass, damping, and s t i f f n e s s  m a t r i c e s  
are of uncoupled form. Thus the equa t ion  t o  cons ide r  is 

m x ( t )  + cii(t) + k x ( t )  = f ( t >  

where 

f ( t )  is a row of [D] { F ( t ) ) .  

Equation (3) is solved by us ing  Laplace t r ans fo rma t ions .  

In g e n e r a l ,  f [ g ( t ) ]  = G(s) = e-st g ( t )  d t  . 
0 

(4) 
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U s i n g  t h e  above Laplace t ransforms w i t h  Equation (3) gives 

where 

C a = -  2m 

The t h e  response x ( t )  is then found by t a k i n g  t h e  i n v e r s e  Laplace 
t r ans fo rma t ion  of Equation (5). 
solving each term of t h e  equa t ion  s e p a r a t e l y .  Because t h e  f o r c e  
may b e  nonzero a t  t h e  start t i m e ,  and because t h e  f o r c e  is as- 
sumed t o  vary l i n e a r l y ,  the forcing f u n c t i o n  is broken down i n t o  
a s t e p  f o r c e  and a ramp f o r c e .  Thus. t he  response is ob ta ined  
as the  sum of four s e p a r a t e  s o l u t i o n s .  That is, 

This  can be done conven ien t ly  by 

x( t )  = x ( t )  due t o  i n i t i a l  displacemen; 

+ x ( t )  due t o  i n i t i a l  v e l o c i t y  

+ x ( t )  due t o  s t e p  f o r c e  

+ x ( t )  due t o  ramp f o r c e .  

I n  t h e  s o l u t i o n  of Equatlon (5), w e  w i l l  also d e f i n e  iil = - 
Terms such as s i n  ( b t  + $) w i l l  use  a t r lgonometic  expansion t o  
avoiu inaccuracy of combining Q w i t h  l a r g e  v a l u e s  of b t .  
examp le, 

4:. 
For 

i f  

then 
1 - (a s i n  bt + b cos bt:. e i n  ( b t  + $1 

The reaponse due t o  i n i t i a l  displacement ,  I n i t i a l  v e l o c i t y ,  
These re- 

w 

8 8t.p force, and a ramp f o r c e  are summarized below. 
cultm ate de r ived  i n  Reference 1. 
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1. I n i t i a l  Displacement .  x ( 0 )  

x ( t )  = - '(O) e'at (a sin b t  + b cos b t )  b 

,2 e'at s i n  b t  ;r(t) = - b 

.. 
X ( t )  = - x(o) uz e'at (a s i n  b t  - b cos b t )  b 

For t h e  s p e c i a l  case c = k = 0 (i.e.,  a = 1. = 0 ) ,  t h e  above 
e q u a t i o n s  g i v e  no s o l u t i o n .  For t h i s  case, 

X ( t )  = x(0) 

i ( t )  = 0 

x ( t )  = 0 

2. I n i t i a l  V e l o c i t y ,  i ( 0 )  

i ( t )  = - '(O) eeat (-a sin b t  + b cos b t )  
b 

x ( t )  = - '(O) e'at [ ( a 2  - b- ' )  sin b t  - 2ab  cos b t ]  b 

For t h e  s p e c i a l  case c = k = 0 ,  (i.e., a = b = 0 ) ,  the above 
e q u a t i o n s  give no s o l u t i o n .  For t h i s  case,  

x ( t )  = i ( 0 )  t 

i ( t )  = i ( 0 )  

x ( t )  = 0 
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3. S tep  Force 

I-. ts = t - (start) 
(start 

-at 
S 

x ( t s )  = & [l - % (a sin b t s  + b cos b t . 4  

"ts) = mb e 
Fs -at 

sin bts s 

e -a s i n  b t  
S I + b c o s  b t s  

For t h e  special  case c = k = 0 ( i . e . ,  a = b = 0 ) ,  t h e  above 
equations g i v e  no s o l u t i o n .  For t h i s  c a s e ,  

Fs 
X ( t S )  = 4 ;;;- t' 

t 
FS 

+s) = m s 
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4.  Ramp Force 

* t  Itr=t- (start)  

-at 

i,l e 
X ( t r )  -5 [tr + 5 (-2a + ((e' - b L )  s i n  b t K  + 2ab COS b t  K 

-at r 
k ( t r )  - 5 [l - (a sin b t  -t b cos b t r  r 

-at- .. L 

X ( t J  - ; + s i n  b tr  

For the  spr-cial case c - k = 0 ( i . e . ,  a = b = 0 ) ,  t h e  a b o v e  
equations give AQ solution. For t h i s  case,  

q t K )  = - t2 2 m  r 
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Subrou t ine  UMAMl c a l c u l a t e s  a m a t r i x  t h a t  re la tes  i n e r t i a  
p l u s  a p p l i e d  l o a d s  t o  a p p l i e d  l o a d s  f o r  a n  i n e r t i a l l y  r e s t r a i n e d  
( f r e e - f r e e )  system. 

A p h y s i c a l  i n t e r p r e t a t i o n  of  t h i s  t r a n s f o r m a t i o n  m a t r i x  may 
b e  o b t a i n e d  from t h e  f o l l o w i n g  beam w i t h  a s i n g l e  d e g r e e  of f r e e -  
dom ( t r a n s l a t i o n )  a t  each  p a n e l  p o i n t .  

.. 

The i n e r t i a  f o r c e s  are  d e f i n e d  by 

{FI/ - [AI I z l  

where [A]  is t h e  mass m a t r i x  oi: t h e  beam and l z }  is t h e  p a n e l  
p o i n t  a c c e l e r a t i o n .  

The p a n e l  p o i n t  a c c e l e r a t i o n s  are g i v e n  by 

r -  1 

where x R 
may or may n o t  c o i n c i d e  w i t h  a p a n e l  p o i n t  s t a t i o n .  

deno tes  a r e f e r e n c e  s t a t i o n  t h a t  may have any v a l u e  and 

Let u s  d e f i n e  

t h a t  is ,  t h e  r i g i d  body modes f o r  t h e  beam. The r i g i d  body t r a n s -  
l a t i d n  mode is g i v e n  by ( 1 1  and t h e  r i g i d  body r o t a t i o n  mode is 
g i v e n  by lxR  - x ) .  S u b s t i t u t i n g  Equat ions  ( 2 )  and (3) i n t o  (1) 

g i v e s  
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For l o a d s  e q u i l i b r i u m ,  t h e  sum of t h e  forces and t h e  momenta 
about a r e f e r e n c e  s t a t i o n  must b e  zero. That is 

where (FA/  is t h e  a p p l i e d  e x t e r n a l  f o r c e  on t h e  beam. 

From Equation ( 5 ) ~  n o t i n g  t h a t  

- [RBMIT ( F r l  = [RBMI T { F A / .  

S u b s t i t u t i n g  Equation (4) i n t o  (6) 

from which 

S u b s t i t u t i n g  Equation ( 7 )  i n t o  ( 4 )  g i v e s  the  inertia l o a d s  i n  
terms of t h e  a p p l i e d  l o a d s  ae 

where w e  have de f ined  



Now t h e  a p p l i e d  p l u s  i n e r t i a  1r .ads  c a n  b e  e x p r e s s e d  as 

= [I1 - [AI [MESS] IF*/, ( 10) 

[[I] - [ A ]  [MESS]] is t h e  m a t r i x  r e l a t i n g  t h e  a p p l i e d  p l u s  i n e r t i a  

l o a d s  t o  tt.d a p p l i e d  l o a d s  o u t p u t  from t h e  s u b r o u t i n e .  I t  can  b e  
shown t h a t  [[I] - [A] [MESS]] is independen t  o f  t h e  r e f e r e n c e  

s t a t i o n  x R' 

Any number of r i g i d  body modes may b e  used ;  however,  t h i s  sub-  

S e v e r a l  impor t an t  f e a t u r e s  of [[I] - [A] [MESS]] e x i s t .  

r o u t i n e  is l i m i t e d  t o  six. 

The 

f i r s t  d e a l s  w i t h  t h e  t r i p l e  m a t r i x  p r o d u c t  

where [ EF] is t h e  s t r u c t u r a l  i n f l u e n c e  c o e f f i c i e n t  m a t r i x  of a 

s t r u c t u r e  r e s t r a i n e d  i n  a s t a t i c a l l y  d e t e r m i n a n t  f a s h i o n .  The 
r e s u l t  of t h e  o p e r a t i o n  i s  a f r e e - f r e e  s t r u c t u r a l  i n f l u e n c e  co- 
e f f i c i e n t  m a t r i x  where t h e  grounding  r e s t r a i n t s  of t h e  s t r u c t u r e  
have  been  removed. It is somewhat h e l p f u l  t o  t h i n k  t h a t  t h e  
grounding  r e s t r a i n t s  of t h e  s t r u c t u r e  have  been  r e p l a c e d  by in -  
e r t i a l  restraicts. A second impor t an t  f e a t u r e  is t h a t  t h e  p r o d u c t  

where [ EF] is the f r e e - f r e e  s t r u c t u r a l  i n f l u e n c e  c o e f f i c i e n t  and 

[5] is t h e  f r e e - f r e e  s t r u c t u r a l  s t i f f n e s s  matrix. 

An i n t e r e s t i n g  p r o p e r t y  of [[I] - [A]  [MESS]] is t h a t  i t  is a n  

idernpotent matrix,  t h a t  i s ,  a m a t r i x  whose produce  w i t h  i t s e l f  is 
e q u a l  t o  i t s e l f .  T h i s  can  b e  e a s i l y  shown as f o l l o w s .  



= [I] - [A]  [NESS] - [A] [NESS] + [A] [MESS] [ A !  [MESS], 

Now 

[A] [MESS] [A] [MESS] 

= [A] [RBM] [ [RBM]' [A] [RBM]Iem1 [RBMIT [A] [RBi-11 

[[RBMIT ;A] [RBM]]-l [RBM]' 

= [AI [KBN] [[RBMIT [A] [W]]-l [RI~M]~ 

= :A] [MESS]. 

:. [[I] - [A] [MESS]] [[I] - [A] [MESS{ = [I] - [A] [NESS]. 

This technique was formulated by David J , z ~ q  at Chance Voueht 
Aircraft in an informal memorbndum in 1959 and expanded upon by 
myself and Carl Bodley in 1960. 



Subroutine USTTY generates a square matrix wi t11  dfagoml t . i t . -  
mezt equal to one and all off-diagonal elements equal to z e r t ~ .  
That is, 

2 = o .  ij 

In matrix notation,  

( i  # j) 

where N is the s i t e  of  [ Z ]  (square!. A synonym for the unity 
matrix is  the i d e n t i t y  matrix, thus t h e  usual designatian as [I]. 

A matrix is unaltered when m r i l t i p l i e d  by the unity matrix and 
the process is commutative. In matrix rictation, 



UPDATE 

Subroutine 'TDATE t r a n s f e r s  da ta  wr i t t en  by Subroutines WTAPE and 
YUTAPE from on, or more FORMA tapes onto another (new o r  ex is t ing)  FORMA 
tape*. 
d r ives  to the  system upon completion ef updating from them. 

It a l s o  provides a n  opt ion t o  unload and re turn  the read-tapes and 

The se l ec t ion  of matrices to be updated from on2 tape t o  the other ,  
is accmpl ished  by specifying the a a t r i x  loca t ion  number (see Subroutine 
UTAPE v r i t t u p )  l i m i t s .  These limits can include only one mntrix, severa l  
(consecutive) -trices, or a l l  the  matrices (i.e., the whole tape). 

*Because Subroutine UPDATE both reads and writes on the "write" tape, and 
because most computer tape dr ives  do not  have suflcicient tolerance con t ro l  
f o r  a mixed mode (i.e., r e a d h i t e )  operation, t he  "write" tape should 
i n i t i a l l y  be a d i s k  f i l e .  
onto a tape. 

After  the  update, the  d i s k  flle may be copied 



Subrout ine VCPOSS c a l c u i a t e s  t h e  c r o s s  product of two v e c t o r s  
i n  three-dimensional space.  By d e f i n i t i o n ,  t h e  c r o s s  product of 

two vectors and B is a v e c t o r  2 whose magnitude is t h e  prodbct 

of t h e  magnitudes of d and E wi;h the  s i n e  of t h e  a n g l e  between 
t h e i r  p o s i t i v e  d i r e c t i o a s ;  t h a t  is, 

-t -+ 
3 

-+  -b -+ 
k x B = Z  

121 = 121 If1 s i n  (i, ii). 

The d i r e c t i o n  of 2 is pe rpend icu la r  t o  t h e  p l ane  determ-.ied by 

A and B and so sensed t h a t  t h e  c o n f i g u r a t i o n  of A ,  5, i' c o n s t i -  
t u t e s  a right-hand cystem (providing t h e  r e f e r e n c e  axes them- 
s e l v e s  are a right-hand system).  

+ -+ -+ 

-+ -+ 
I n  term of t h e  components of A and B w e  have, 

zl = a2 b3 - a3 b2 

z = a  b 2 3 1 - a l b 3  

z 3 = a 1 2  2 1  b - a  b 

which is t h e  expanded form of t h e  determinant  

2 2  1 2 z3 

al a2 a3 

A -  

If A x B = 0, then  e i t h e r  a t  least  one of t h e  v e c t o r s  &, %) 
-+ -+ 

is ze ro  o r  A and B are p a r a l l e l .  



The cross product can be represented in matrix notation as 

-b -b 

-a a 3 A x B =  

Note that the first matrix is skew-symmetric. 

Theorem: Cross multiplication is distributive. That is, 
-+ A x  ( ~ + ~ ) = ~ x ~ + ~ r : ~ .  

Theorem: Cross multiplication is not commutative and is some- 
times called anti-commutative since 

EXAMPLE 
-+ -+ Zf the input is A = [ - 3 . ,  5 . ,  2.1 and B = [ 4 . ,  l., - 4 . 1 ,  

then the output will be 

= [ ;: -:: ::I [ ::] 
- 5 .  -3. 0. - 6 .  

-23. 

131 d4.2 + 1.2 + (-6.)2 = 7.2801 

131 = J ( - 3 2 . I 2  + (-10.) 2 + ( -23.) '= 40.6571 
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Subroutine VDOT calculates the dot product Q f  two vectors in 
three-dimensional space. The dot product is also called the 
scalar product or inert product. By defiaition, the dot product 
of two vectors A and B is a scalar equal to the product of t h e  
magnitude of each vector and the cosine of the angle between 
their positive directions; that is, 

-+ + 

+ +  % = If1 cos (A, B). 

-+ + 
In terms of the components of A and By we have 

+ 
If “A B = 0 ,  then either at least one of the vectors (i, d) is 
zero or A and B are perpendicular. 

+ + 

The dot product can be represented in matrix notation as 

Theorem: Dot multiplication is distributive. That is, 

Theorem: Dot multiplication is commutative. That is, 
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EXAMPLE 
-+ 

If the input is A = [-3. ,  5 . ,  2.1 and 5 = [ 4 . ,  l., -6.1, 
then the output will be 

-k A' B = [-3. 5 .  

= -19. 

-r 2 2 
I A !  = 4 ( - 3 . )  + 5 .  + 2 . 2  = 6.1644 

liil = {4.2 + 1.* + (-6.)2 = 7.28G1 

-f + 
= -. 42337 - + +  A - B  

cos (A, B) = 
GI lil 
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Subrou t ine  VM1 i n t e g r a t e s  p r e s s u r e  or weight  d i s t r i b u t i o n  
along w i t h  concen t r aced  f o r c e s  o r  we igh t s  t o  o b t a i n  s h e a r s  and 
bending  moments a t  a set  of  s e l e c t e d  p o i n t s  on a beam. 
s u r e  or we igh t  d i s t r i b u t i o n  and t h e  c o n c e n t r a t e d  f o r c e s  or w e i g h t s  
are m u l t i p l i e d  by a n  a m p l i f i c a t i o n  f u n c t i o n  (nc r m a l l y  t h e  accel- 
e r a t i o n ) .  

The p res -  

The x - s t a t i o n s  of t h e  s e l e c t e d  p o i n t s  are g i v e n  i n  {XVEC).  
These x - s t a t i o n s  must b e  i n  i n c r e a s i n g  o r d e r .  

The d i s t r i b u t e d  p r e s s u r e ,  p ( x ) ,  is assumed t o  b e  p i ecewise  
l i n e a r  and is r e p r e s e n t e d  by s t r a i g h t  l i n e  segments  as shown i n  
F i g u r e  1. 

F i g u r e  1 D i s t r i b u t e d  P r e s s u r e  

The x - s t a t i o n s  of t h e  end p o i n t s  € o r  t h e  l i n e  segments  g i v i n g  t h e  
d i s t r i b u t e d  p r e s s u r e  are independent  of t h e  x - s t a t i o n s  i n  (XVEC}. 
The l i n e  segments  r e p r e s e n t i n g  t h e  d i s t r i b u t e d  p r e s s u r e  mcy o r  
may n o t  b e  j o i n e d  b u t  must n o t  o v e r l a p .  On any i n t e r v a l  where t h e  
d i s t r i b u t e d  p r e s s u r e  is n o t  d e f i n e d ,  t h e  p r e s s u r e  is assumed t o  
be  z e r o .  The d i s t r i b u t e d  p r e s s u r e  i s  d e f i n e d  i n  [DIS] .  Each row 
of [DIS]  r e p r e s e n t s  one  n o n v e r t i c a l  l i n e  segment. The form of  
each  row of [DIS] is [ x l  x2 p1 pz]  where X I ,  p! g i v e  t h e  f i r s t  end 
p o i n t  and x2 ,  p i  g i v e  t h e  second end p o i n t  of a l i n e  segment. The 
l i n e  segments  g i v e n  by [DIS] must b e  i n  i n c r e a s i n g  ' o rde r  of x .  
The d i s t r i b u t e d  we ibh t  may a l s o  b e  g iven  by I D I S ] .  

The a m p l i f i c a t i o n  func t io i i  i s  a l s o  assumed t o  b e  r e p r e s e n t e d  

The d i s t r i b u t e d  a m p l i f i c a t i o n  
by s t r a i g h t  l i n e  segments .  A l l  s t a t e m e n t s  g iven  above f o r  d i s -  
t r i b u t e d  p r e s s u r e  a r e  App l i cab le .  
f u n c t i o n  is d e f i n e d  i n  [AMP]. 
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The concen t r a t ed  mass items are de f ined  i n  [CONC].  Each row 
of [CONC] r e p r e s e n t s  one concen t r a t ed  mass i t e m  and c o n t a i n s :  

1) xa, t h e  s t a t i o n  a t  which t h e  i t e m  is a:tached t o  t h e  

beam; 

Mc, t h e  mass of t h e  item; 

xcg. t h e  c e n t e r  of g r a v i t y  of t h e  i t e m ;  and 

IC', t h e  moment of i n e r t i a  of t h e  i t e m  about i ts  own 

c e n t e r  of g rav i ty . .  

2 )  

3) 

6 )  
C 

These f o u r  elements are given i n  th? form x Pi x Icg]. T h e  a c c g c  
attachment s t c l t i on ,  x of an i t e m  t o  t h e  beam m u s t  b e  w i t h i n  t h e  
pane l  p o i n t  I l m i t s .  a '  

The c a l c u l a t e d  s h e a r s  and bending moments a t  t h e  s e l e c t e d  
p o i n t s  are placed i n  {ZV) and {ZM), r e s p e c t i v e l y .  



Subrout ine VFITR1 c a l c u l a t e s  a ma t r ix  [ Z ]  t h a t  can be used to 
o b t a i n  i n t e r n a l  s h e a r s  and bending moments of a beam i n  terms of 
e x t e r n a l  f o r c e s  aiid moments a c t i n g  on the  beam. The i n t e r n a l  
s h e a r s  and bending moments, as w e l l  as t h e  e x t e r n a l  f o r c e s  and 
moments, are a t  s p e c i f i c  l o c a t i o n s  on t h e  beam. These l o c a t i o n s  
are s p e c i f i e d  by t h e  elements of {PP}  which i s  inpu t  t o  t h e  sub- 
r o u t i n e .  

EXAMPLE 

Consider t h e  beam below w i t h  e x t e r n a l  f o r c e s  P and moments i 
T, a c t i n g  a t  t h e  s p e c i f i e d  l o c a t i o n s .  
A 

T1 

P1 
4 4 4 

p2 p3 

The l o c a t i o n s  of t h e  e x t e r n a l  load a p p l i c a t i o n  p o i n t s  i s  g iven  by 

The i n t e r n a l  s h e a r s  ( V )  and bending moments (M) a t  t h e  l o c a t i o n s  
s p e c i f i e d  by {PPI can b e  ob ta ined  i n  terms of t h e  e x t e r n a l  l oads  
by t h e  fol lowing equa t ions :  

i= 1 



These equations can be expressed i n  matrix form for the example 
beam as 

F 

1. 

1. 

1. 

0. 

30. 

50. 20.  0. I 1. 1. 1.1 

- -- 

1. 

0. 

I 
I 
1 
I 
I 
I 
I 

1. ; 
- - - L  - - - -  

I 
I 1. 
I 
I 1. ! 
I 

[ Z  I 

where [ Z ]  is the inatrix output from t h i s  subroutine.  



Subrout ine WRITE writes a matrix of  r e a l  numbers (a For t r an  
A group of up term f o r  numbers with a decimal p o i n t )  on paper.  

t o  t e n  consecut ive elements from a row o f  the ma t r ix  a r e  p r i n t e d  
on each l i n e .  I f  a l l  of t h e  elements of a group a r e  zero,  p r i n t i n g  
of t h i s  l i n e  is suppressed.  

Each ma t r ix  p r i n t e d  begins  on a new page. On eacn page of  
p r i n t o u t  is t h e  page heading given by Subrout ine PAGEHD, t he  name 
of the ma t r ix ,  and t h e  row s i z e  and column s i z e  of t he  ma t r ix .  
Th i s  i s  followed by t h e  ma t r ix  d a t a .  On any l i n e  of m a t r i x  d a t a  
t h e  f i r s t  i n t e g e r  number i s  the  row number of t h e  m a t r i x  elements 
on t h a t  l i n e .  The  second i n t e g e r  number i s  t h e  column number of 
the m a t r i x  element i n  the f i r s t  d a t a  f i e l d .  The  next  grouF of 
real numbers (up t o  t e n )  are the  va lues  of t h e  m a t r i x  elements.  
Th i s  group of  ma t r ix  elements i s  given i n  consecu t ive  column o r d e r .  



WRIT I >1 

S u b r o u t i n e  KRITIM writes a m a t r i x  of i n t e g e r  numbers on pape r .  
A group of up t o  twenty c o n s e c u t i v e  e l e m e n t s  from a row o f  t h e  
m a t r i x  are p r i n t e d  on each  l i n e .  If  a l l  of t h e  e l emen t s  of  a 
group are zero, p r i n t i n g  of t h i s  l i n e  is  suppres sed .  

Each matrix p r i n t e d  b e g i n s  on a new page.  On each  page of 
p r i n t o u t  is t h e  page  head ing  g i v e n  by S u b r o u t i n e  PAGEHI), t h e  name 
of t h e  m a t r i x ,  and t h e  row s i z e  and column size of t h e  m a t r i x .  
; h i s  is fo l lowed  by t h e  m a t r i x  d a t a .  On any l i n e  of m a t r i x  d a t a  
t h e  f i r s t  i n t e g z r  number i s  t h e  row number of t h e  m a t r i x  e l emen t s  
on t h a t  l i n e .  The second i n t e g e r  number is  t h e  column number of 
t h e  m a t r i x  e l emen t  i n  t h e  f i r s t  d a t a  f i e l d .  The n e x t  group of 
integer numbers (up t o  twenty)  are t h e  v a l u e s  of t h e  m a t r i x  ele- 
ments. T h i s  group of m a t r i x  elements i s  g i v e n  i n  c o n s e c u t i v e  
column o r d e r .  



WTAPE--1/2 

S u b r o u t i n e  WTAPE writes m a t r i x  d a t a  a t  t h e  end of e x i s t i n g  
w r i t t e n  m a t r i x  d a t a  on  a FORMA t a p e  ( d i s k  i s  p r e f e r r e d ,  see be low) .  
Each set of  m a t r i x  d a t a  c o n s i s t s  of two l o g i c a l  r e c o r d s .  The f i r s t  
r e c o r d  c o n t a i n s  t h e  m a t r i x  head ing  ( t a p e  i d e n t i f i c a t i o n ,  l o c a t i o n  
number, run  number, m a t r i x  nave ,  number oq rows of m a t r i x ,  number 
of  columns of m a t r i x ,  d a t e ,  and t h e  word "dense") .  The second 
r eco rd  c o n s i s t s  of t h e  m a t r i x  e l emen t s .  

A schemat i c  r e p r e s e n t a t i o n  of t h e  t a p e  (disk) is g iven  by the 
f o l l o w i n g  sketch.  

Beginning 
of  
t a p e  ( d i s k )  + 

where 

t h  Hi = M a t r i x  head ing  of t h e  i 

Ei = Matrix e l emen t s  of t h e  ith w r i t t e n  m a t r i x ,  

w r i t t e n  m a t r i x ,  

EOT = End of  Tape. Data w r i t t e n  by S u b r o u t i n e  WTAPL o r  
IKTAPE t h a t  a l l  F O R M  t a p e  s u b r o u t i n e s  r e c o g n i z e  a s  
b e i n g  t h e  end o f  w r i t t e n  d a t a .  

Each v e r t i c a l  l i n e  is a n  end of l o g i c a l  r e c o r d  p u t  on by  com- 
p u t e r  a y s t e m ' s  r o u t i n e s .  
opposed t o  b i n a r y  ccded dec ima l  (BCD) form. 

The t a p e  i s  w r i t t e n  i n  b i n a r y  form as 

To f i n d  t h e  end of w r i t t e n  m a t r i x  d a t a ,  a search is made of 
t h e  m a t r i x  head ings  u n t i l  t h e  EO'I i s  found.  For t h i s  r e l s o n ,  a 
"new" t a p e  ( d i s k )  must b c  ini::alized w i t h  Suorout i i ie  INTAPE s o  
t h a t  t h e  t a p e  ( d i s k )  c o n t a i n s  an EOT. A "new" t a p e  ( d i s k )  i s  de- 
f i n e d  t o  b e  a t a p e  ( d i s k )  f o r  which i t  is d e s i r e d  t o  s t a r t  w r i t i n g  
m a t r i x  d a t a  a t  t h e  f r o n t  of t h e  t z p e  ( d i s k ) .  Thus,  a "newt' t apc  
( d i s k )  cou ld  b<? one w i t h  o b s o l e t e  FORMA n a t r i x  d a t a  on i t  a s  wel l  
as one t h a t  has  n e v e r  been  w r i t t e n  on by t h e  FORMA sys tem.  Wben 
t h e  EOT is  found,  a bacrtspace o p e r a t i o n  i s  done ove r  t h e  EOT, and 
t h e n  t h e  c u r r e n t  m a t r i x  head ing ,  c u r r e n t  m a t r i x  e l e m e n t s ,  and a 
new EOT i s  writ tec.  



IJT A 1% - - 2 ; 2 

A d i s k  is p r e f e r r e d  t o  a t a p e  for t h e  f o l l o w i n g  r e a s o n .  Be- 
c a u s e  of t h e  p h y s i c a l  s e p a r a t i o n  of  t h e  read a n d  wr i te  heads VII 

most t a p e  d r i v e s  t h e r e  may be  t a p e  t o l e r a n c e  problems t h u s  Lack- 
s p a c i n g  o v e r  t h e  EOT is u s u a l l y  n o t  s u c c ? s s f u l .  I n s t e a d  of e n d i n g  
up p o s i t i o n e d  I n  f r o n t  of t h e  LOT, t h e  write head is  o f t e n  p a s i -  
t i c 3 e d  i n  f r o n t  of t h e  p r e v i o u s  m a t r i x  e l e m e n t s  E i n  the a b o v e  

s k e t c h ) .  
v i o u s  m a t r i x  e l e m e n t s .  T h i s  c a u s e s  problems l a t e r  when t r y i n g  t u  
r e a d  t h e  r e c o r d s  w r i t t e n  on t h e  t a p e .  To a l l e v i a t e  t h i s  problem,  
i t  is s t r o n g l y  recommended t h a t  a l l  FORMA t a p e  s u b r o u t i n e s  ( I N T ;  i, 
LTAPE, RTAPE, WTAFE, and UPDATE) u s e  an  i n t e r m e d i a t e  d e v i c e  s u c h  
as a d i s k .  A t  t h e  s t a r t  cf a computer  r u n ,  the e x i s t i n g  t a p e  
s h o u l d  b e  c o p i e d  o n t o  the d i s k  by m i r i g  computer  c o n t r o l  c a r d s .  
L ikewise ,  a t  t h e  end of t h e  r u n ,  t h e  d i s k  shou ld  b e  c o p i e d  b a c k  
o n t o  t a p e  by u s i n g  computer  c o n t r o l  c a r d s .  

i n  
The curreit :  m a t r i x  h e a d i n g  w i l l  be  writ teri  ove r  tile p r c -  



XLORD 

Subrout ine XLORD t o n t a i n s  a s o r t i n g  procedure used t o  a r range  
mat r ix  element l o c a r i o n s  i n t o  ascending order .  
mat r ix  elements arc: arranged correspondingly.  
o p e r a t e s  only on matrix elements stcrad in core Subroutine 
XLORD scans  the elements t o  b e  s o r t e d  and selects one of two pos- 
sible methods t o  b e  used i n  s o r t i n g .  The f i r s t  method (employed 
pr imar i ly  when the elements are i n  a randon o r d e r )  is s i m i l a i  t o  
SORTAG by R. C. Singleton*. The second method (employed when t h e  
elements are broken d u * ~ i  to tv'o prev ious ly  ordered groups) is a 
merging procedure. 

The a s s o c i s t e d  
This subrout ine  



ZERO 

Subroutine ZERO generates a matrix w i t h  each element equal to 
zero. That is, 

z = 0. ij 

In matrix notat ion,  

- - 
z1 NRx NC 

0.  0 .  ... 0. 
0. 0 .  

0. . . . 0 .  

j = 1 ,  SC 

where NR is  the number of rows of [ZJ ,  and NC is  the number of 
columns of 121. 

This subroutine i s  u s e f u l  i n  s e t t i n g  a matrix array t o  zero 
before performing subsequent operations such as matrix ass9mbly 
(ASSEM) or rev i s ion /addi t ion  of one matrix i n t o  another (REVIIDD;. 



z EKO LH 

. 

Subroutine ZEROLH sets the elements be low the diagonal of  a 
square matrix equal to zero. That i s ,  

- = 0 .  ( i  j> <ij 

EXAMPLE; 

If [A] is input t o  Subroutine ZEROLH as 

the matrix output from this subroutine w i l l  b e  



ZEROl’H 

Subroutine ZEROUH sets the  elements above t h e  diagonal of a 
square matrix equal to zero. That i s ,  

= O -  

EXAMPLE 

Lf [A]  is input t o  Subroutine ZEROUH as  

the matrix output from t h i s  subroutine w i l l  be  

- 
[*13x3 - 1. 0. 0. 

4. 5. 0. 

7 .  8 .  9 .  

(i .. j) 



ZZBOMB 

Subroutine ZZBOMB contro l s  a wmputer run af ter  an error mes- 
sage has been encountered i n  any of t h e  FOR% subrout ines .  
en  tai Is 

T h i s  

1) Pr in t ing  of subroutine name and er ror  number 

2)  Pr in t ing  of a l l  of the core memory used in 

3) Program termination.  

where error occurred; 

o c t a l  form: 


